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HW1 - Problem & Answer

Thursday, September 6, 2018 2:57 PM

Math 632 Lecture 4, Fall 2018, Homework 1

Due Tuesday, September 18, 9:30am

This homework set has eight problems: first three problems to review some basic probabil-
ity, and then five problems from Durrett’s book.

Please check the homework instructions on the course homepage. In particular:
e Credit comes from your reasoning, not your numerical answer.

e Observe rules of academic integrity. You are encouraged to discuss the problems with
fellow students, but copied work is not acceptable and will result in zero credit.

e You may find solutions to some exercises on the web. However, the point of the homework
is to give you the problem solving practice you need in the exams. Hence it is not smart
to take shortcuts to secure the few points that come from homework.

1. Let A and B be two events on the same sample space.

(a) Suppose P(A) =p, P(B) = q, and P(A|B) = r. Deduce P(AN B) and P(B|A).

(b) Give an example where P(A|B) > P(A) and neither A nor B is equal to the whole
space or the empty set. (This means that you give a sample space €2, a probability
measure P on €2, and define two events A and B on (2 that satisfy the question.)

(c) Give an example where P(A|B) < P(A) and neither A nor B is equal to the whole
space or the empty set.
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2. Let p,q,r be positive reals such that p + ¢+ r = 1 and let n be a positive integer. Let
(X,Y, Z) have multinomial distribution with parameters (n, 3, p,q,r). This means that
the joint probability mass function is

n‘! m
PX=kY =(2Z=m)= W'm'p‘q‘

for integers k, ¢, m > 0 such that k+¢+m = n. This distribution arises from the following
experiment: perform n independent repetitions of a trial with three possible outcomes
with probabilities p,q,r and let X, Y, Z count how many times these outcomes appear.

Calculate the probability mass function of W = X + Y and identify its distribution by
name. After the calculation, give an intuitive justification for the answer you obtained.

Hints: Figure out what the possible values of W are. To calculate P(W = a) for each
possible value a, decompose P(W = a) according to the different values of (X,Y, Z) that
make up the event {W = a}. Use the PMF of (X,Y, Z).

P(W=a) = ZP(X=5, Yza-¢, 2=h-a)
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3. Let n >2and 0 < p < 1. Let X;,Xo,..., X,, be i.i.d. Bernoulli random variables with

success probability p and S,, = X; + --- + X,,. The Bernoulli assumption means that
each X; has PMF P(X; =1)=p=1- P(X; =0).

(a) Compute the conditional joint probability mass function of the random vector
(X1,...,X,), given that S,, = k. That is, find

P(Xl =ay, Xz =as,..., Xn = ay | Sn = ]\‘)

for all vectors (ay,..., a,) of zeros and ones, and all k € {0,...,n}.

Hints. Use the definition of conditional probability. Which vectors (ay,...,a,) are
compatible with S,, = k7 Check that your conditional PMF sums to 1 over all
vectors (ap,..., ap)-

If ga.‘#k,f?‘w\

P(X.:O,, Yo =0, -+, Yu :a,,l S, :L)= o}
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(b) Deduce whether X1, ..., X n» are conditionally independent, given S,, = k. (The gen-
eral definition is that random variables X,..., X,, are conditionally independent,

given an event B such that P(B) > 0, if

P(X1=a1,X2=ay,...,Xn =an|B) = || P(Xi = ai| B)

1=1

for all possible values ay, ..., a,.)
Hint. Consider cases k = 0,0 < k <nand k=1

O for k=0,

| dben Qz0,=-- 20450
LH3 - {0 otherwise

If 0.0,=-=0.50. Hhon
RHS = |, sime P(Ni=0|G =0)= |
Othorwise
RHS = 0, giwe dc€ft,..nd sd. a:=1
D P(%=1|S%=0) =0

Toode L1 = RHS
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Further exercises: The following problems from Durrett’s book (version Almost Final
Version of the 2nd Edition, December, 2011 on the web): 1.1, 1.2, 1.5, 1.6, 1.7

1.1. A fair coin is tossed repeatedly with results Y, Y7,Y5,... that are 0 or 1
with probability 1/2 each. For n > 1 let X,, =Y, + Y,,_1 be the number of 1’s
in the (n — 1)th and nth tosses. Is X,, a Markov chain?

/\/o, Xn s nod o /Ma/r’w\) cjmm

Math 632 Page 5
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1.2. Five white balls and five black balls are distributed in two urns in such a
way that each urn contains five balls. At each step we draw one ball from each
urn and exchange them. Let X,, be the number of white balls in the left urn at

time n. Compute the transition probability for X,,.

Ld YY: opaw‘ll Hhe O’[ov cn(’ M —/;OW‘ fet aud ra'JH um Mf?ft,wb,

[7(103“[7(45)=[PCY:W Y, =g) - 31§ = 0.04
pCL) = pCad) = P( V.= B Y =B)  IPLY, =W, Vo= W) = £e + x¢ =002
Pous) = P =[PCY. =B, Y= ):%*4:0.64
pC2)> pGa s P(Y =W, % =R) = =
pe2d) = pe3) = PLU=W, T =W)+[P(Y=B % -B) = $x3 +dxe 04l
pc23) 7 pG32) =P (%28, 7,=w) = % é:o.
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1.5. Consider a gambler’s ruin chain with N = 4. That is, if 1 < ¢ < 3,
p(i,i+ 1) = 0.4, and p(¢,7 — 1) = 0.6, but the endpoints are absorbing states:
p(0,0) =1 and p(4,4) = 1 Compute p3(1,4) and p3(1,0).

1 2 & [ ( 2 3 L(

T [1 0 2 0 0]
v |4 9 .92 O o4
4 =D Pz 2|36 0.2 .14
0 .4 3| b 0 38 O il
0

—
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] ! ]

D PUa) = 0064 pCLO) = 0.744

1.6. A taxicab driver moves between the airport A and two hotels B and C
according to the following rules. If he is at the airport, he will be at one of
the two hotels next with equal probability. If at a hotel then he returns to the
airport with probability 3/4 and goes to the other hotel with probability 1/4.
(a) Find the transition matrix for the chain. (b) Suppose the driver begins
at the airport at time 0. Find the probability for each of his three possible
locations at time 2 and the probability he is at hotel B at time 3.

A B c
Al B .5 .5

CO) P:g-?S B a8

c|-1S .25 O

A B

alas s |f<-l P’olﬂ[)fu‘j nc“’ @Ot\ éOCd(!'ﬂn aﬂ( T=3
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1.7. Suppose that the probability it rains today is 0.3 if neither of the last two
days was rainy, but 0.6 if at least one of the last two days was rainy. Let the
weather on day n, W,,, be R for rain, or S for sun. W, is not a Markov chain,
but the weather for the last two days X,, = (W,-1,W,) is a Markov chain
with four states {RR, RS, SR,SS}. (a) Compute its transition probability. (b)
Compute the two-step transition probability. (c) What is the probability it will
rain on Wednesday given that it did not rain on Sunday or Monday.

@ [PCRI s$) =03
D pcslss) =e]
PCRIR®) = IPCRISR) =IPCRIRS) = 0.6
2 PCSIRR) =IPCSISR) =|PCSIRS) =04

% The fink, Gond, ard thid [ello represock Wh, W+, Whea r@?%&v«'g

_PR RS SR SS
06 o4

R
) 06 o4
.DD TR of 04
Ss 0-3 au

RR B SR S5

¢b) % .24 24 .1} ) [ S[S]2[R]
2 BS(-3 24 12 .28 S M T W

—

ﬁs

R|.3 24 24 .1 2 ,
ss|.(§ .12 .4 .4 P(SS'SR)*'PCSS,RR)

) = 0.2l + 0% = 039

Math 632 Page 8



72be/e
v - 0 pts Correct

Page 29



Nl yvf'lyal:f(b(a otk Gooalion of T2

(b) 5 A[B .65 g
= g .55 4205 3% A = 015
¢ |.g1s 35 ks g = 0125
C = 0.12%

A 3 c

Al - §1S . 40625 .4062¢8 Frobﬁln(/% 119 s °~7( Aﬁ@{ g

3
F =g|.40939 .($15 20313

c|.4op28 -29213 (€15 O{Z fine S 1S 040625

1.7. Suppose that the probability it rains today is 0.3 if neither of the last two
days was rainy, but 0.6 if at least one of the last two days was rainy. Let the
weather on day n, W,,, be R for rain, or S for sun. W, is not a Markov chain,
but the weather for the last two days X,, = (W,-1,W,) is a Markov chain
with four states {RR, RS, SR,SS}. (a) Compute its transition probability. (b)
Compute the two-step transition probability. (c) What is the probability it will
rain on Wednesday given that it did not rain on Sunday or Monday.
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