Math 632 004 HWO02

Shawn Zhong

TOTAL POINTS

69 /72

QUESTION 1

1Problem 110710
v - 0 pts Correct

QUESTION 2

2 Problem 2 10/10

v - 0 pts Correct

QUESTION 3
Problem 310 pts

313(a)3/3
v - 0 pts Correct

323(b)3/3
v - 0 pts Correct

333(c)2/2
v - 0 pts Correct

3.43(d)2/2
v - 0 pts Correct

QUESTION 4
Problem 4 14 pts

414(a)2/2
v - 0 pts Correct

424(b)2/2
v - 0 pts Correct

434(c)2/2
v - 0 pts Correct

4.44(d)2/2

v - 0 pts Correct

454(e)2/2
v - 0 pts Correct

464(f)2/2
v - 0 pts Correct

474(g)2/2
v - 0 pts Correct

QUESTION 5
Problem 5: Durrett 1.8 8 pts

511.8(a) 2/2
v - 0 pts Correct

5.21.8(b) 2/2
v - 0 pts Correct

531.8(c)2/2
v - 0 pts Correct

5.41.8(d) 2/2
v - 0 pts Correct

QUESTION 6
Problem 6 10 pts

6.16(a)4/4
v - 0 pts Correct

6.26(b)2/3

v -1 pts The only irreducible sets are singletons

6.36(C)3/3



v - 0 pts Correct

QUESTION 7
Problem 710 pts

717(@)3/5
v - 2 pts The definition of conditional probability is

not correctly used

7.27(b)5/5
v - 0 pts Correct

Page 2



HW?2 - Problem & Answer

Tuesday, September 18, 2018 7:59 PM

Math 632 Lecture 4, Fall 2018, Homework 2

Due Thursday, September 20, 9:30am

This homework set has 7 problems: 1 problem is from Durrett’s book, and there are 6 problems
to supplement that material.

Please note that the expression “Durrett’s book” refers to the version Almost Final Version of
the 2nd Edition, December, 2011.

Please check the homework instructions on the course homepage. In particular:
e Credit comes from your reasoning, not your numerical answer.

e Observe rules of academic integrity. You are encouraged to discuss the problems with
fellow students, but copied work is not acceptable and will result in zero credit.

e You may find solutions to some exercises on the web. However, the point of the homework
is to give you the problem solving practice you need in the exams. Hence it is not smart
to take shortcuts to secure the few points that come from homework.

Question 1

1. Consider a discrete time Markov chain with transition probabilities p(i,j), with state
space {1,2,..., 10}, and assume X = 3. Express

PXe=7,X;=3X4=1,X9=3,X0=3)
in terms of the (if necessary multi-step) transition probabilities.
o P(X¢=7Xs=3|X,=1Xy=3X,=3)
o =P(X¢ =7,Xs = 3|X, = 1, Xy = 3),by Markov property
_P(Xs=17,Xs =3,X, = 1,X5 = 3)

o ,by Bayes' law
P(X, =1,X; =3) i
p(1,3)p(3,7)p*(7,3) a
= 1
DE(1.3) ,assume p>(1,3) # 0

Question 2

2. Consider a discrete time Markov chain with transition probabilities p(,j), with state
space {1,2,...,10}. Assume, moreover, that 7" is a stopping time with the properties
P (T < o) =1 and P(X7 = 3) = 1. Express

P(X14+6 =7,X145 = 3| X144 =1, X149 =3, X0 = 1)

in terms of the (if necessary multi-step) transition probabilities.

Math 632 Pace 1
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HW?2 - Problem & Answer

Tuesday, September 18, 2018 7:59 PM

Math 632 Lecture 4, Fall 2018, Homework 2

Due Thursday, September 20, 9:30am

This homework set has 7 problems: 1 problem is from Durrett’s book, and there are 6 problems
to supplement that material.

Please note that the expression “Durrett’s book” refers to the version Almost Final Version of
the 2nd Edition, December, 2011.

Please check the homework instructions on the course homepage. In particular:
e Credit comes from your reasoning, not your numerical answer.

e Observe rules of academic integrity. You are encouraged to discuss the problems with
fellow students, but copied work is not acceptable and will result in zero credit.

e You may find solutions to some exercises on the web. However, the point of the homework
is to give you the problem solving practice you need in the exams. Hence it is not smart
to take shortcuts to secure the few points that come from homework.

Question 1

1. Consider a discrete time Markov chain with transition probabilities p(i,j), with state
space {1,2,..., 10}, and assume X = 3. Express

PXe=7,X;=3X4=1,X9=3,X0=3)
in terms of the (if necessary multi-step) transition probabilities.
o P(X¢=7Xs=3|X,=1Xy=3X,=3)
o =P(X¢ =7,Xs = 3|X, = 1, Xy = 3),by Markov property
_P(Xs=17,Xs =3,X, = 1,X5 = 3)

o ,by Bayes' law
P(X, =1,X; =3) i
p(1,3)p(3,7)p*(7,3) a
= 1
DE(1.3) ,assume p>(1,3) # 0

Question 2

2. Consider a discrete time Markov chain with transition probabilities p(,j), with state
space {1,2,...,10}. Assume, moreover, that 7" is a stopping time with the properties
P (T < o) =1 and P(X7 = 3) = 1. Express

P(X14+6 =7,X145 = 3| X144 =1, X149 =3, X0 = 1)

in terms of the (if necessary multi-step) transition probabilities.
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{ (T<e) =1 n13) = 0,vne123,..)

P(Xr=3)=3

[P(XT+6 =7 X145 =3|Xr44 = L X149 =3,X = 3)

= P(Xe = 7,Xs = 31X, = 1, Xy = 3), by strong Markov property
_P(Xs=7,Xs =3,X, = 1,X = 3)
B P(X, =1,Xo = 3)

. _ p(1,3)p(3,7)p*(7,3)

B p5(1,3)

Question 3

,by Bayes' law

3. Consider the discrete time Markov chain with state space {1,2,3,4,5} and transition
matrix
o 0 1 0 0
03 02 01 04 0
P=10 1 0 0 0
0 0 0 03 07
0 0 0 02 08

(a) Identify the transient and the recurrent states.
(b) Let Ry = max{n >0 : X,, = 2}. Prove that P,(R2 < o0) = 1.
(c) Is Ry a stopping time? Argue why or why not.
(d) Find P3(Xg,+1 = 4|XRr, =2, Ry = 8).
Part (a)

e Transient: 1, 2, 3

e Recurrent: 4,5

Part (b)
e p,r <1—-p(2,4)<1
o =pk 50ask > o
e > Py(R,=)=0
o =>IP2(R2<OO)=1
Part (c)

Math 632 Page 2
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{ (T<e) =1 n13) = 0,vne123,..)

P(Xr=3)=3

[P(XT+6 =7 X145 =3|Xr44 = L X149 =3,X = 3)

= P(Xe = 7,Xs = 31X, = 1, Xy = 3), by strong Markov property
_P(Xs=7,Xs =3,X, = 1,X = 3)
B P(X, =1,Xo = 3)

. _ p(1,3)p(3,7)p*(7,3)

B p5(1,3)

Question 3

,by Bayes' law

3. Consider the discrete time Markov chain with state space {1,2,3,4,5} and transition
matrix
o 0 1 0 0
03 02 01 04 0
P=10 1 0 0 0
0 0 0 03 07
0 0 0 02 08

(a) Identify the transient and the recurrent states.
(b) Let Ry = max{n >0 : X,, = 2}. Prove that P,(R2 < o0) = 1.
(c) Is Ry a stopping time? Argue why or why not.
(d) Find P3(Xg,+1 = 4|XRr, =2, Ry = 8).
Part (a)

e Transient: 1, 2, 3

e Recurrent: 4,5

Part (b)
e p,r <1—-p(2,4)<1
o =pk 50ask > o
e > Py(R,=)=0
o =>IP2(R2<OO)=1
Part (c)
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{ (T<e) =1 n13) = 0,vne123,..)

P(Xr=3)=3

[P(XT+6 =7 X145 =3|Xr44 = L X149 =3,X = 3)

= P(Xe = 7,Xs = 31X, = 1, Xy = 3), by strong Markov property
_P(Xs=7,Xs =3,X, = 1,X = 3)
B P(X, =1,Xo = 3)

. _ p(1,3)p(3,7)p*(7,3)

B p5(1,3)

Question 3

,by Bayes' law

3. Consider the discrete time Markov chain with state space {1,2,3,4,5} and transition
matrix
o 0 1 0 0
03 02 01 04 0
P=10 1 0 0 0
0 0 0 03 07
0 0 0 02 08

(a) Identify the transient and the recurrent states.
(b) Let Ry = max{n >0 : X,, = 2}. Prove that P,(R2 < o0) = 1.
(c) Is Ry a stopping time? Argue why or why not.
(d) Find P3(Xg,+1 = 4|XRr, =2, Ry = 8).
Part (a)

e Transient: 1, 2, 3

e Recurrent: 4,5

Part (b)
e p,r <1—-p(2,4)<1
o =pk 50ask > o
e > Py(R,=)=0
o =>IP2(R2<OO)=1
Part (c)
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{ (T<e) =1 n13) = 0,vne123,..)

P(Xr=3)=3

[P(XT+6 =7 X145 =3|Xr44 = L X149 =3,X = 3)

= P(Xe = 7,Xs = 31X, = 1, Xy = 3), by strong Markov property
_P(Xs=7,Xs =3,X, = 1,X = 3)
B P(X, =1,Xo = 3)

. _ p(1,3)p(3,7)p*(7,3)

B p5(1,3)

Question 3

,by Bayes' law

3. Consider the discrete time Markov chain with state space {1,2,3,4,5} and transition
matrix
o 0 1 0 0
03 02 01 04 0
P=10 1 0 0 0
0 0 0 03 07
0 0 0 02 08

(a) Identify the transient and the recurrent states.
(b) Let Ry = max{n >0 : X,, = 2}. Prove that P,(R2 < o0) = 1.
(c) Is Ry a stopping time? Argue why or why not.
(d) Find P3(Xg,+1 = 4|XRr, =2, Ry = 8).
Part (a)

e Transient: 1, 2, 3

e Recurrent: 4,5

Part (b)
e p,r <1—-p(2,4)<1
o =pk 50ask > o
e > Py(R,=)=0
o =>IP2(R2<OO)=1
Part (c)
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5

Math 632 Page 3
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¢ No,because {R, = n} = {Xn =2,Xp41 % 2, Xn42 # 2, } depends on X, 41, Xn42, -
Part (d)
 Since Xp, = 2 and R, = 8, the last visit to state 2 is Xg

o [fwe go to state 1 or 2, we must go back to state 2 again

o Therefore, the next state must be 4

o iePy(Xp = 4|XR2 =2,R, = 8) =1

Question 4

4. Consider a Markov chain with state space S = {1, 2}, with transition matrix

P <().2 ().8) .
0.6 0.4
Decide which of the following is a stopping time:
(a) Ty = min{n > 6: X,, = 2}
(b) To =min{n >1: X,,;1 = 2}
(¢) T35 =min{n >2: X,,_; = 2}
(d) Ty =min{n >T, : X, = 2}
() T5s =min{n >10: X,, = X,,_1}
(f) Ts = min{n > 1: X,, = X5}
(g) T7 =10
(a) T isastoppingtime
o {f=n}={X;=2,X59 #2 .. X % 2}
(b) T, is NOT a stopping time
o {T, =n}={Xp41 = 2,X, # 2,..,X; # 2} dependes on X4,
(c) T;isastoppingtime
o {Ts=n}={Xp_1=2,Xp—2#2,...% #2}
(d) T,isastoppingtime
o {Ty=n}={Ti=n—-1}={Xp—1 = 2,Xp—3 #2,..,X¢ * 2}
(e) Tsisastoppingtime
o {Ts=n}={X, =Xp1,Xpn 1 # Xpn_2 -, X10 * Xo}
(f) T, is NOT a stopping time
o {Ts = 1} = {X; = X5} dependes on X
(g) T, isastoppingtime
o Since {T; = n} does not depends on X;, Vi € N

Question 5
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1.8. Consider the following transition matrices. Identify the transient and
recurrent states, and the irreducible closed sets in the Markov chains. Give
reasons for your answers.

—

U N

o
OO ;O n =
WO umwN
OO O o W
Lo Ot OB
nOoOooowm
DA WN O
C O O ujm
COO0O RO N
OO0 wmnmoO W
O o0 OO N
O O O o O
MOy O,

(d)

W——

U‘AQNH&

WO OO M
ConmnwoON
OO wo oW
(== NSO S, =
O oo~ WM
SO R N - Q
O IO O oM
QOO usmmoOoN
OO0 o oW
O O
0@ wuroWm
cCcoococoo®

Part (a)
e 1=2% 1, so0listransient @
e 3= 2% 3,s03istransient
e 5= 4% 5,505 istransient
e {2,4}isairreducible closed set, since @
o {2,4} = {2,4}
o {2,4}# {1,3,5}
e Therefore 2, 4 are recurrent
Part (b)
e 2=5 2,502 istransient

e 3 =5 3,s03istransient

e {1,4,5,6}is airreducible closed set, since
o {1,4,5,6} = {1,4,5,6}
o {1,4,5,6} # {2,3}

e Therefore 1,4, 5, 6 are recurrent
Part (c)

e 3= 1 3,s03istransient

e {1,5}isairreducible closed set, since
o {1,5}={1,5} @

o {1,5} #» {2,3,4}

e {2,4}isairreducible closed set, since
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1.8. Consider the following transition matrices. Identify the transient and
recurrent states, and the irreducible closed sets in the Markov chains. Give
reasons for your answers.

—

U N

o
OO ;O n =
WO umwN
OO O o W
Lo Ot OB
nOoOooowm
DA WN O
C O O ujm
COO0O RO N
OO0 wmnmoO W
O o0 OO N
O O O o O
MOy O,

(d)

W——

U‘AQNH&

WO OO M
ConmnwoON
OO wo oW
(== NSO S, =
O oo~ WM
SO R N - Q
O IO O oM
QOO usmmoOoN
OO0 o oW
O O
0@ wuroWm
cCcoococoo®

Part (a)
e 1=2% 1, so0listransient @
e 3= 2% 3,s03istransient
e 5= 4% 5,505 istransient
e {2,4}isairreducible closed set, since @
o {2,4} = {2,4}
o {2,4}# {1,3,5}
e Therefore 2, 4 are recurrent
Part (b)
e 2=5 2,502 istransient

e 3 =5 3,s03istransient

e {1,4,5,6}is airreducible closed set, since
o {1,4,5,6} = {1,4,5,6}
o {1,4,5,6} # {2,3}

e Therefore 1,4, 5, 6 are recurrent
Part (c)

e 3= 1 3,s03istransient

e {1,5}isairreducible closed set, since
o {1,5}={1,5} @

o {1,5} #» {2,3,4}

e {2,4}isairreducible closed set, since
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1.8. Consider the following transition matrices. Identify the transient and
recurrent states, and the irreducible closed sets in the Markov chains. Give
reasons for your answers.

—

U N

o
OO ;O n =
WO umwN
OO O o W
Lo Ot OB
nOoOooowm
DA WN O
C O O ujm
COO0O RO N
OO0 wmnmoO W
O o0 OO N
O O O o O
MOy O,

(d)

W——

U‘AQNH&

WO OO M
ConmnwoON
OO wo oW
(== NSO S, =
O oo~ WM
SO R N - Q
O IO O oM
QOO usmmoOoN
OO0 o oW
O O
0@ wuroWm
cCcoococoo®

Part (a)
e 1=2% 1, so0listransient @
e 3= 2% 3,s03istransient
e 5= 4% 5,505 istransient
e {2,4}isairreducible closed set, since @
o {2,4} = {2,4}
o {2,4}# {1,3,5}
e Therefore 2, 4 are recurrent
Part (b)
e 2=5 2,502 istransient

e 3 =5 3,s03istransient

e {1,4,5,6}is airreducible closed set, since
o {1,4,5,6} = {1,4,5,6}
o {1,4,5,6} # {2,3}

e Therefore 1,4, 5, 6 are recurrent
Part (c)

e 3= 1 3,s03istransient

e {1,5}isairreducible closed set, since
o {1,5}={1,5} @

o {1,5} #» {2,3,4}

e {2,4}isairreducible closed set, since
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o {1,5}#{2,3,4}

e {2,4}isairreducible closed set, since
o {2,4} = {2,4}
o {2,4}# {1,3,5}

e Therefore 1,2,4,5 are recurrent

Part (d)

e 3 =5 % 3,s03istransient

e 6 =1 6,s06is transient

e {1,4}isairreducible closed set, since
o {1,4} = {1,4}
o {1,4}# {2,3,5,6}

e {2,5}isairreducible closed set, since
o {2,5}=1{2,5}
o {2,5}#{1,3,4,6}

e Therefore 1,2,4,5 are recurrent
6. Consider a discrete time Markov chain with state space Z = {...,—-2,-1,0,1,2,...} and
one step transition probabilities given by
p(i,i+1)=p for all i € Z;
pli,i—1)=gq for all i € Z

and zero otherwise, with p,¢q > 0 and p+ ¢ = 1.
(a) Assume that p = 0. Find all the closed sets.

(b) Assume that p = 0. Find all the irreducible sets.

(¢) Now assume that p,q > 0. Prove that either all the states are recurrent, or all the
states are transient.

Part (a)

e A, ={.,n—2,n—1,n},Vn € Zare all the closed sets

e Sinceifi € A,,andp(i,i—1) =q=1,theni—1€ 4,
Part (b)

e There is not irreducible set

e Sincep(i,i+1)=0,andp(i,i —1) =1,i = jandi = j cannot be both true foralli,j € 4,
Part (c)

¢ Suppose, for sake of contradiction, that r is recurrent, and ¢ is transient

p* (iffr<t)

g Gfr >t >0ier=t

e Letn = |r —t|,thenp™(r,t) > {

e Bylamma 1.9, r isrecurrentand r = t, so t is also transient

e Contradiction! Therefore either all the states are recurrent or transient
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o {1,5}#{2,3,4}

e {2,4}isairreducible closed set, since
o {2,4} = {2,4}
o {2,4}# {1,3,5}

e Therefore 1,2,4,5 are recurrent

Part (d)

e 3 =5 % 3,s03istransient

e 6 =1 6,s06is transient

e {1,4}isairreducible closed set, since
o {1,4} = {1,4}
o {1,4}# {2,3,5,6}

e {2,5}isairreducible closed set, since
o {2,5}=1{2,5}
o {2,5}#{1,3,4,6}

e Therefore 1,2,4,5 are recurrent
6. Consider a discrete time Markov chain with state space Z = {...,—-2,-1,0,1,2,...} and
one step transition probabilities given by
p(i,i+1)=p for all i € Z;
pli,i—1)=gq for all i € Z

and zero otherwise, with p,¢q > 0 and p+ ¢ = 1.
(a) Assume that p = 0. Find all the closed sets.

(b) Assume that p = 0. Find all the irreducible sets.

(¢) Now assume that p,q > 0. Prove that either all the states are recurrent, or all the
states are transient.

Part (a)

e A, ={.,n—2,n—1,n},Vn € Zare all the closed sets

e Sinceifi € A,,andp(i,i—1) =q=1,theni—1€ 4,
Part (b)

e There is not irreducible set

e Sincep(i,i+1)=0,andp(i,i —1) =1,i = jandi = j cannot be both true foralli,j € 4,
Part (c)

¢ Suppose, for sake of contradiction, that r is recurrent, and ¢ is transient

p* (iffr<t)

g Gfr >t >0ier=t

e Letn = |r —t|,thenp™(r,t) > {

e Bylamma 1.9, r isrecurrentand r = t, so t is also transient

e Contradiction! Therefore either all the states are recurrent or transient
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o {1,5}#{2,3,4}

e {2,4}isairreducible closed set, since
o {2,4} = {2,4}
o {2,4}# {1,3,5}

e Therefore 1,2,4,5 are recurrent

Part (d)

e 3 =5 % 3,s03istransient

e 6 =1 6,s06is transient

e {1,4}isairreducible closed set, since
o {1,4} = {1,4}
o {1,4}# {2,3,5,6}

e {2,5}isairreducible closed set, since
o {2,5}=1{2,5}
o {2,5}#{1,3,4,6}

e Therefore 1,2,4,5 are recurrent
6. Consider a discrete time Markov chain with state space Z = {...,—-2,-1,0,1,2,...} and
one step transition probabilities given by
p(i,i+1)=p for all i € Z;
pli,i—1)=gq for all i € Z

and zero otherwise, with p,¢q > 0 and p+ ¢ = 1.
(a) Assume that p = 0. Find all the closed sets.

(b) Assume that p = 0. Find all the irreducible sets.

(¢) Now assume that p,q > 0. Prove that either all the states are recurrent, or all the
states are transient.

Part (a)

e A, ={.,n—2,n—1,n},Vn € Zare all the closed sets

e Sinceifi € A,,andp(i,i—1) =q=1,theni—1€ 4,
Part (b)

e There is not irreducible set

e Sincep(i,i+1)=0,andp(i,i —1) =1,i = jandi = j cannot be both true foralli,j € 4,
Part (c)

¢ Suppose, for sake of contradiction, that r is recurrent, and ¢ is transient

p* (iffr<t)

g Gfr >t >0ier=t

e Letn = |r —t|,thenp™(r,t) > {

e Bylamma 1.9, r isrecurrentand r = t, so t is also transient

e Contradiction! Therefore either all the states are recurrent or transient
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o {1,5}#{2,3,4}

e {2,4}isairreducible closed set, since
o {2,4} = {2,4}
o {2,4}# {1,3,5}

e Therefore 1,2,4,5 are recurrent

Part (d)

e 3 =5 % 3,s03istransient

e 6 =1 6,s06is transient

e {1,4}isairreducible closed set, since
o {1,4} = {1,4}
o {1,4}# {2,3,5,6}

e {2,5}isairreducible closed set, since
o {2,5}=1{2,5}
o {2,5}#{1,3,4,6}

e Therefore 1,2,4,5 are recurrent
6. Consider a discrete time Markov chain with state space Z = {...,—-2,-1,0,1,2,...} and
one step transition probabilities given by
p(i,i+1)=p for all i € Z;
pli,i—1)=gq for all i € Z

and zero otherwise, with p,¢q > 0 and p+ ¢ = 1.
(a) Assume that p = 0. Find all the closed sets.

(b) Assume that p = 0. Find all the irreducible sets.

(¢) Now assume that p,q > 0. Prove that either all the states are recurrent, or all the
states are transient.

Part (a)

e A, ={.,n—2,n—1,n},Vn € Zare all the closed sets

e Sinceifi € A,,andp(i,i—1) =q=1,theni—1€ 4,
Part (b)

e There is not irreducible set

e Sincep(i,i+1)=0,andp(i,i —1) =1,i = jandi = j cannot be both true foralli,j € 4,
Part (c)

¢ Suppose, for sake of contradiction, that r is recurrent, and ¢ is transient

p* (iffr<t)

g Gfr >t >0ier=t

e Letn = |r —t|,thenp™(r,t) > {

e Bylamma 1.9, r isrecurrentand r = t, so t is also transient

e Contradiction! Therefore either all the states are recurrent or transient
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o {1,5}#{2,3,4}

e {2,4}isairreducible closed set, since
o {2,4} = {2,4}
o {2,4}# {1,3,5}

e Therefore 1,2,4,5 are recurrent

Part (d)

e 3 =5 % 3,s03istransient

e 6 =1 6,s06is transient

e {1,4}isairreducible closed set, since
o {1,4} = {1,4}
o {1,4}# {2,3,5,6}

e {2,5}isairreducible closed set, since
o {2,5}=1{2,5}
o {2,5}#{1,3,4,6}

e Therefore 1,2,4,5 are recurrent
6. Consider a discrete time Markov chain with state space Z = {...,—-2,-1,0,1,2,...} and
one step transition probabilities given by
p(i,i+1)=p for all i € Z;
pli,i—1)=gq for all i € Z

and zero otherwise, with p,¢q > 0 and p+ ¢ = 1.
(a) Assume that p = 0. Find all the closed sets.

(b) Assume that p = 0. Find all the irreducible sets.

(¢) Now assume that p,q > 0. Prove that either all the states are recurrent, or all the
states are transient.

Part (a)

e A, ={.,n—2,n—1,n},Vn € Zare all the closed sets

e Sinceifi € A,,andp(i,i—1) =q=1,theni—1€ 4,
Part (b)

e There is not irreducible set

e Sincep(i,i+1)=0,andp(i,i —1) =1,i = jandi = j cannot be both true foralli,j € 4,
Part (c)

¢ Suppose, for sake of contradiction, that r is recurrent, and ¢ is transient

p* (iffr<t)

g Gfr >t >0ier=t

e Letn = |r —t|,thenp™(r,t) > {

e Bylamma 1.9, r isrecurrentand r = t, so t is also transient

e Contradiction! Therefore either all the states are recurrent or transient
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7. Let {X,,}n>0 be a Markov chain with transition probability {1)(.17.!/)}.1-._1165 with some
countable state space S§. That is, the process satisfies

P()(IH—I =Y | Xn =Tpye-n, X() = -1'0) = [)(-I',,. U) (1)
for all states xp,...,x,,y such that the conditioning event has positive probability.

(a) Using (1) (and general properties of probability and conditional probability), show
that for any 0 < k£ < n,

P(4¥n—+-l =Y | Xn==Tny..., Xk = -I'l.') - 1)('1‘"' .l/) (2)
whenever the conditioning event has positive probability.
(b) Using (2), show that
P(Xn—l = 41'-X11+l =z ’ Xn = .‘/) = P(){n—l =T | Xn = l/) . P()(u—{-l =z | Xn = y)

for all states x, y, z such that P(X,, = y) > 0. This is a special case of the statement
that for a Markov chain, given the present, the past and the future are independent.
Part (a)
o P(Xp41 =Y|Xn = %0, ., Xo = x0)
=P(Xps1 = Y|Xn = 2%, Xig = Xy . Xo = %)

_ IP)(Xn+1 =y, Xn=%Xp, 0, X = Xp, . Xp = xO)
P(Xn = Xn, '"'Xk = Xp, XO — xO)

k-1
P(Xn+1 = y,Xn = Xn ""Xk = xk) nl_o IP)(XI+1 = xl+1|X0 = xO'Xl = X1 ---;Xl = xl)

k-1
Pl =% s Xy, = 3p) 1—L=0 P(Xpxq = B [ Xy = 205K = By ey Xy = %7)

_ P(Xps1 = ¥, Xn = X, oo, X = %)
P(Xy = Xp, e X = Xp)

= P(Xp41 = ¥|[Xn = %0, -, X = x1)
. Therefore,IP’(X,H_1 = y|Xn =Xy, o X = xk) = p(xn, y)
Part (b)
o P(Xpo1 =2,Xp41 =2|Xy =v)
_ P(X 1 = %5 =¥, Xgn = 2)

P(X, =y)
_ IP)(Xn—l = x)IP(Xn = Y|Xn—1 = x)IP(Xn+1 = Z|Xn =¥ Xn-1= x)
B P(X, =)
= %p(% y)p(y,z)

° [P(Xn—l = x|Xn = y)IP(Xn+1 = Zan = y)
_ P(Xyn =X, =3 )P(X, =Xy = 2)

(P(x, = y))2
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7. Let {X,,}n>0 be a Markov chain with transition probability {1)(.17.!/)}.1-._1165 with some
countable state space S§. That is, the process satisfies

P()(IH—I =Y | Xn =Tpye-n, X() = -1'0) = [)(-I',,. U) (1)
for all states xp,...,x,,y such that the conditioning event has positive probability.

(a) Using (1) (and general properties of probability and conditional probability), show
that for any 0 < k£ < n,

P(4¥n—+-l =Y | Xn==Tny..., Xk = -I'l.') - 1)('1‘"' .l/) (2)
whenever the conditioning event has positive probability.
(b) Using (2), show that
P(Xn—l = 41'-X11+l =z ’ Xn = .‘/) = P(){n—l =T | Xn = l/) . P()(u—{-l =z | Xn = y)

for all states x, y, z such that P(X,, = y) > 0. This is a special case of the statement
that for a Markov chain, given the present, the past and the future are independent.
Part (a)
o P(Xp41 =Y|Xn = %0, ., Xo = x0)
=P(Xps1 = Y|Xn = 2%, Xig = Xy . Xo = %)

_ IP)(Xn+1 =y, Xn=%Xp, 0, X = Xp, . Xp = xO)
P(Xn = Xn, '"'Xk = Xp, XO — xO)

k-1
P(Xn+1 = y,Xn = Xn ""Xk = xk) nl_o IP)(XI+1 = xl+1|X0 = xO'Xl = X1 ---;Xl = xl)

k-1
Pl =% s Xy, = 3p) 1—L=0 P(Xpxq = B [ Xy = 205K = By ey Xy = %7)

_ P(Xps1 = ¥, Xn = X, oo, X = %)
P(Xy = Xp, e X = Xp)

= P(Xp41 = ¥|[Xn = %0, -, X = x1)
. Therefore,IP’(X,H_1 = y|Xn =Xy, o X = xk) = p(xn, y)
Part (b)
o P(Xpo1 =2,Xp41 =2|Xy =v)
_ P(X 1 = %5 =¥, Xgn = 2)

P(X, =y)
_ IP)(Xn—l = x)IP(Xn = Y|Xn—1 = x)IP(Xn+1 = Z|Xn =¥ Xn-1= x)
B P(X, =)
= %p(% y)p(y,z)

° [P(Xn—l = x|Xn = y)IP(Xn+1 = Zan = y)
_ P(Xyn =X, =3 )P(X, =Xy = 2)

(P(x, = y))2
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(P(tn = ¥|Xn-1 = )P(Xn_1 = %)) (P(Xns1 = 2[Xn = ¥)P(Xy = ¥))
(P(x, = y))2
_ P(xy)P(Xn_1 = X)p(3,2)P(Xn = ¥)
(P(x, = y))2
_ P(Xp_1 =x)
P(X, =y)
o Therefore, P(X,—; = %, Xp11 = z|Xp, = ¥) = P(Xp—q = x[Xp = ¥)P(Xp41 = 2|X, =)

Comments:

p(x,y)p(v,2)

e Instead of hand computations, you can use Matlab (or any other software) to perform
the matrix operations required to solve the exercises. UW-Madison students can down-
load Matlab for free from software.wisc.edu. Alternatively, you can use Matlab on the
computers located on campus.

Instead of downloading Matlab, you can use the online tool Octave that takes Matlab
type commands.

1 2 3
The Matlab commands you need: To enter a matrix A= (4 5 6 |, type
789

A=[1 2 3; 456; 7 8 9]

You can calculate the multiplication of two matrices A and B by C = A * B and you can
calculate matrix powers by A™n.
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