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Understanding of Determinant in Terms of Volumes

r1+r3

r1+r2+r3

¢ The volume of this parallelepiped is the absolute value of the determinant of
the matrix formed by the rows constructed from the vectors r1, r2, and r3.

* Negative determinant = flip the original image
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Uniqueness Theorem
e Theorem

o Suppose f (4, ..., A,) is a function of 44, ..., 4, € R"

o That satisfies Linearity and Alternating
* f(B+CA,, .. Ay) =f(B,A,, .., A, +f(C A, .., A,)
w f(t-A Ay, Ay) =t f(A, A, . A)
» (A Ay o, Ap Ay, Ay) = —F (A, Ay, o Ay Ay L Ay)

o Then f(Ay,..,Ay) =det(44, ..., A4,) - f(14, ..., I,) where
* [, =[1,0,0,..,0]
* [, =1[0,1,0,...,0]

= I, =[0,00,..,1]

e Proof
© f(Al; "'!An)
o = f(a11[1 + a1212 + -+ alnIn, ey an111 + anzlz + -+ annln)

n

o = Z alil a2i2 ...am-n ‘f(Iil’Iiz""’Il’n)
1<iq,ip,..,.insN
all different
n

o = Z Ayi, Ay - Any, - SIGNCy, ooy b)) - fU1, 1o, o 1)
1Si1,i2,...,insn
all different

o =f(y, Iy ... 1) - Z 14, Az, - Ang,, * SIGN(TY, e, i)
1<iq,ip,...,insN
all different

o = f(lli 12, ...,In) . det(Al, ...,An)

e Example
aiq e Qg
Apxk 0 Q1 - Gk
= =detA-detB
Clxk lel €11 - C1k b11 bll
11 . Cir bll b”

o Consider a function f that satisfies the Uniqueness Theorem
" f(A+ AL Ay s Ay) = f(A, Az, o An) + d (A7, Az, . Ar)

» f(tAy, Az, ..., An) = f(41, 4z, ..., Ap)
» (A1, Ay Ap Ay, Ay) = f(AL Az, o Ap L A o Ay)

A
o Let fgc(4q, ..., Ax) = fexke with B, C fixed, and A as variable

Cl><k Bl><l




fec(Ay, ..., Ag)
= det(Ayq, ..., Ax) foc Uy, .., Iy)

1
1
= =detAd-
C11 Cik b1 b1,
C11 ke b by
1
1
= =detd-
by, by,
by by
_ Bl
= detd B|

o Letg(B) = |I B| that satisfies the Uniqueness Theorem

1
» g(B) =detB:-g(I) =detB - = detB
1
o Therefore A%Xk BO = detA - detB
Ix1

Properties of Determinant
e det(AB) = detA - det B (where A,xn, Bnxn)

o detA-detB
. _lA 0|

11 B
. =|o —AB|

I B

— (12! B
o =(E=D", —AB|
o = (—1)"" detI - det(—AB)
o = (=1 - det(—AB)
o = (—1)"(—1)"det(4B)
o = (=1)""*" det(AB)
o = det(4B)

e Power of Determinants

o det(A™) = det(A-A4...4) = det(A) - det(4) ...det(A) = (detA)™
¢ Determinant of Inverse

o IfAhasan inverse(A‘l), and detA # 0, then

o A A=1

o =>detA ! -detA=detl =1

= detdA ™l = ——
° € detA

e Matrix Product and Determinant



_ 10

0
ann
Ain
ann
bi1
1 by

1 b1
n
0 - z aq;biq
i=1
n M
0 - z an;ibiq
i=1
1 b1
—AB|
B
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Find the Inverse of Matrix
¢ Gauss-Jordan Elimination

o (AID~(1A™Y)

e Example
1 2 411 1 2 411 0 0
o (3 5 -7 1 )—>(0 -1 —-13[-3 1 0)
0 0 1 1 0 0 110 0 1
1 2 411 0 0 1 2 41 0 0
o -0 -1 -13}-3 1 0o]-(0 -1 0/-3 1 13
0 0 110 0 1 o o 1o o0 1
1 2 01 0 -4 1 0 0]-5 2 22
o -|0 -1 0[-3 1 13|-{0 -1 o0o|-3 1 13
o o 1o o 1 o o 1lo o 1
1 0 0]-5 2 22
o -0 1 0of[3 -1 -13
0 0 110 o 1
1 2 4\7! -5 2 22
o Therefore (3 5 —7) = ( 3 -1 —13)
0 0 1 0 0 1
Question 1

¢ Recall that the determinant is a polynomial in the entries of the matrix.

* Find the coefficient of 3 in the following polynomial

2 3 =7 t
5 t a b
t -1 0 55
1/2 3 c -

e Answer: By cofactor expansion, the coefficient is ¢

Question 2
 Suppose 4 is an orthogonal matrix, meaning 4 is invertible and A=* = AT

e What possible value could the determinant of A have?

e Answer:
o |A7Y = 1|4T|
o = i = |A|
|A]
o = 4] =+1
Question 3

e LetV be the vector space of all (real) polynomials of degree 2 or less.
e Using the basis 1, x, x2, find the matrix of the linear map T:V - V given by
e (TAHMX)=f(x+2)forallf eVandx €R

e Answer:



o T(1) =1
o T(x)=2+x
o T(x?) =4+ 4x + x?

1 x x?2

1 /1 2 4

o =>m() = (0 1 4)
x2 \0 0 1

Question 4
e Letx,y,z w bereal numbers.

e Compute the determinant of the following matrix

e Answer:
1 x x? x3
o bV Ve D - N - 0E - NE- D0 =)
1 w w? wd
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Determinant and Area

a, a a
o bi b§| = area of parallelogram with sides a = (a;) ,b = (Z:)
QI; — —
“UV+w
A V1 V2
w1 Wz
(0,0) v

* Proofby graph

e Proof
o Area(Aq,4,) = signed area of parallelogram spanned by 44, 4,
o IfA; = A, is counter-clockwise = area
o IfA; = A, is clockwise = —area
o Then Area(4,,4,) = det(44,A,), because
o Alternating
= Area(4,,4,) = —Area(4,,4,)
= (by definition, same area, but different orientation)
o Linearity(Homogeneous)
» Area(t-Ay,A;) =t-Area(4,,4A,)

= (Easy to prove from picture)



= (Easy to prove from picture)

o Linearity(Additive)
= Area(A + B,C) = Area(4,C) + Area(B, ()
= IfA,C is parallel, then
o Area(4,C) =0
= IfA,C is independent, then
o Area(A + sC,C) = Area(4,C),VA,C
" LletB=t-A+s-C,then
o Area(A + B, ()
o =Area(A+t-A+s-C,0C)
o =Area(A+t-4,0C)

o = (1+t)Area(4,(C)

o = Area(4,C) +t - Area(4,(C)

o = Area(4,C) + Area(t - A4,C)

o = Area(4,C) + Area(t-A+s-C,C)
o = Area(4,C) + Area(B, ()

= Therefore Area(A + B,C) = Area(4, C) + Area(B, C)
o Uniqueness Theorem
= Area(4,B)
» =det(4,B) - Area(l, I,)
» = det(4, B) - Area(unit square)
= =det(4,B)
Determinant and Volume
e det(4, B, C) = signed volume of parallelepiped spanned by 4, B, C



r1+r2+r3

Inverse of a Matrix

e Setup

o T:R™ — R" linear
o Thasamatrixm(T) =| : W

¢ The following statements are equivalent

N(T) = {0}

o

o

T is injective

T is one-to-one

o

o

T is bijective
* because T:R" - R"
» dim N(T) + dimrange(T) = dim R"
* = dimrange(T) =n
* > R(T)=R"
o ThereisamapS:R" - R" with ST =TS

1
~

¢ Find the inverse of 2 X 2 matrix
M 3
o T= [2 5]
o FindT7},ie.solveTx =y
o Note:Tx =y x=T"1ly
o Normal version
. [T 31[%1] _ [
[2 5] [xz] - [}72]
x1+3x2 =1y1+0y2
2x2+5x2 = 0y1+1y2



RS LS —5y1 + 3y
X =2Y1 = Y2

» s x=T"1y

* whereT 1= [_25 _31]

o Shorthand

= [TI1]

.t 311 0
2 510 1
.t 3 | L9

o -1l -2 1
. 1 0 -5 3

0 -11 -2 1l
.t 0|—5 31

o 11 2 -1
= ~[IT

= Therefore T~! = [_25 _31]

Minors and Cofactors

e Theorem
a1 Azt Qi
O |1 Gkz -+ Qkn| = AggCrq + A Chz + 0 + e Cin
An1 Anz " Qpp

o (i = cofactor matrix
¢ (Cofactor Matrix

(n — 1) X (n — 1) determinant obtained
Crp = (—1)F+ by deleting row k and column [
from the original determinant

e Example
1 7 2
o4 m -1
3 In2 2

o =3x|[] A|-m2f Zfez2fy ]
o =3X(=7—-2m)—In2x(-9)+ 2 x (m — 28)
o =—-77—-41+9In2

e Matrix Multiplication

aix Q2 -t Qp|[C1 G - Cpg

Az1 Az o Guu||Ciy Cop oo Cpa
Cin

an1 QAn2 ** Qpn

o

LetP =

0 Py = aq1C11 + a6 + -+ a1,Cy = det 4
0 Py; =ap 161 +ay:Cip + -+ +a:6, =0

O

Because we have two equal row



o Therefore P = det 4

)
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Effect of Row Operations on Determinants

Row Operation Determinant
RowA - RowA +c-RowB detM — detM
Row A — ¢ - Row 4 detM — c - detM

itch _
RowAmRowB detM - —detM

Understanding of Matrix Multiplication in terms of

Linear Map Composition
e Motivation

T S

o V-W-Z
e Setup

o {ey ..e,}: basis of V
{f1 ... fm}: basis of W
{91 ..-9x}: basisof Z
Letm(S) = (s;))

o

o

o

o

e (Claim

o m(S) -m(T) =m(ST)

e Proof
m

o T(e) = z tijfj

]—1

o S(f;) = Zs,kgk

o ST(e;) = Z 2 tijSik 9k

j=1k=
o Which is the same as matrix multiplication
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Expansion by Rows Theorem

e (Cofactor Matrix

(n — 1) X (n — 1) determinant obtained
by deleting row k and column [
from the original determinant

o (= (=Dk*

e Determinant and Cofactor Matrix

ai1r Qg2 A1n
O det(A) = |01 Ay Agn| = alekl + aszkz + -+ akann
an1 an
A1 A1z - Qin C21 Oy 1
az;1 Ay e QAon C . C 1
o : : . : 22 . 7:12 = det4 -
ap1  An2 Ann Cnn 1
ad]ugate matrix of A: adj(4)
e Expansion by Rows
aix  Qag2 A1n
ajzq [2%Y) Qon
° : w1 [T a1l T ARl + ot agnCip
an1  Aan2 Ann
X1 X2 Xn
az1 dzz ... OQ2pn
O E S ., S = xlcll + chlz + -4 xncln
an1  Apn2 Anpn
e Calculating A - adj(4)
o Expanding 4 - adj(A4)
aj; aqz2 Ci1 Cy Cn1
. az1 azz C12 Cy2 Cn2
An1 anz Cln CZn Cnn
n n i
Z a4 Cix Z a1 Cox z a11 Cne
k=1 k=1 k=1
n n n
. = z azrCik 2 Az Cor z 2k Cnk
k=1 k=1 k=1
n n n
z Ank Crxe Z ank Caok z Ank Cnke
L k=1 k=1 k=1 -
o Where
n a1x Qg2 Ain
a1 Az 2n
b Z alkClk = = detA
k=1
an1  Qan2 ann



o Conclusion
det4 1
= A-adj(d) = detd —deta| 1

detA4
e Theorem

1
o det(4) # 0 © Ais invertible and A~ = —— - adj(4)

detA
o det(A) = 0 & Ais not invertible
e Example
_Ja b
o LetA = [C d]
o Cofactor Matrix

il E R

Adjugate Matrix

o

 adj(4) = T = [_dc _b]

a
o Determinant
_la b| _ _
detA—|C d|—ad bc
o Inverse Matrix
. -1 [a b N __ [d —b
4 [c d det4 adj(4) ad — bc [—c a]

Cramer's Rule
e Trying to solve the following system of equations

A11%X1 T+ ApXn = Y1
o :
Ap1Xq1 + o+ AppXn = Yn

e [t can be written in matrix form

o Ax =y, Where

X1
o x=|:
_xn_
Y11
O y: :
| Yn |
[A11 ° Qun
1) A= M . M
[An1 " Qnn

¢ Solve x in matrix form, we get

1
— A1, — . i .
o x=ATy= adj(4) -y



Cll Cnl

X 1
o |i|l=—o
X detA

e In particular

Cln Cnn

Y1 Q12 A1n
Y2 Q22 azn
_ _1Yn Qn2 Ann
1= Jet A (C11y1 + Co1yz + -+ + Cuayn) = a1 G1g Qin
az1  dzz QAzn
an1  Qn2 Ann
e Ingeneral
ay; - Y1 A1n
azi - Y2 Azn
o _ _1_ (C + C 4o C ) _ anl Yn ann
Xp = detA 11V1 21)2 niyn) = a1 Q1o ain
az1 Qa2 QAzn
an1  Aan2 ann
o Where y; is at the k" column
Linear Independence and Determinant
e Theorem
o Letwvy,..,v, € R™ be vectors with
aii QA1n
ovy=|1%|,.,v=]"
anl ann
ai; 0 Qi
o Then {vy,...,v,}isindependent & | : N )
an1  *° Qnn
e Example
o Are

1
3
4

21 10
, [1] , ’a‘ dependent?
4l 1p

1 2 0
o If [3 1 a] = 0, then yes
4 4 B

e Proof
O €V + -+ Cpvy
aiq

0 =0¢ + 4oy

aln]
Ann

[a11C1 + aq3C5 + -+ + alncn]

n1
_an1C1 + an2C2 + M + anncn

(11 " Qin][C1
o = : . : :

[An1 " Aunl LCn

D ——— —
A c

o Prove:detA # 0 = {vy, ..., v, } is linearly independent



Suppose det A # 0, then A~ exists
Ifcivy + -+ cpv, = 0,then Ac =0
Andc=A4"14c=4"1(0)=0

)|

iecp=cy==¢c, =0

Therefore {vy, ..., v, } is linearly independent

o Prove:detA = 0 = {vy, ..., v, } is linearly dependent

Suppose det4A =0

Then A is not invertible

Since A is a square matrix this means A is not injective
Therefore N(A) # {0}

i.e. There exists a vector ¢ # 0 with Ac = 0

Since Ac = ¢cqvq + vy + -+ v, =0

We can find that there are c, ... ¢y,

at least one of which is non-zero with c;v; + -+ c,v, = 0

Therefore {v,, ..., v, } is linearly dependent
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Question 1

1 1 a
A= (—1 1 b)
0 2 c

e Forwhicha, b,c € Ris 4 invertible?

e When A is invertible, find A1

e Answer:
o detdA=-2a—-2b+ 2c
c—2b c -2
o cof A=|2a—-c c -2
b—a —-a-b 2
c—2b 2a—c b-—a
o adjA = (cof A)T = c c —a—>b
-2 -2 2
1 (c—Zb 2a—c b—a
o Al =— T c c —a-»b
—2a—2b+c — > 2

o Wherea+b #c¢

Question 2
e Let A be square matrix such that A¥ = 0 for some k
e Prove or find a counterexample : I — A is invertible
e Answer:
o I=1-A=U-AI+A+A%+ A1)
o Therefore I — A is invertible
¢ Note:

o A is called Nilpotent matrix
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Eigenvalues and Eigenvectors
¢ Definition
o IfT:V - Vislinear and V is a vector space
o Then v € V is an eignevector of T with eigenvalue A if
= %0
s Tv=A4v
e Example
o Suppose you have two eigenvectors
= y,w€E€VwithTv = Av,Tw = uw
o Then
= T(2v + 3w) = 2Tv + 3Tw = 2Av + 3uw
o Find asolutiontoTx =v+w
* Tryx =av + bw
Then Tx = T(av + bw)

= = lav + ubw
" =v+w
(1
a=-
? (la=1 A .
:{ub=1=> b_l(lfl,,uth)
u
1 1
= Thereforex ==-v+—w
A

o Compute T?°17(2v + 3w)
= T2017(2p 4 3w)
= =T2016(20v + 3uw)
= = T2015(222p + 3u2w)
. = 222017 43,2017,
e Fibonacci Number

0 n=20
o fu= 1 n=1
fn—1+fn—2 nx=2

o For example

" fo=0
" fi=1
" =1

" fz=2



o It could be viewed as a sequence of vectors

RARARANE
* =[]

- xn+1—[fn+1] [fn +f:n+1]:ﬁ ][fn 1]

o Try to compute

= Xy, = [f2017] T [fzom] . — T2016 [(1)]

f2016 f2015

= [fwe had two eigenvectors/eigenvalues for T

= And [(1)] =av+ bw

« Then f2017] 4201645, 4 4j2016py,
f2016

e Eigenvector Equation
o By definition, if T: V — V is linear and V is a vector space
o Then v € V is an eignevector of T with eigenvalue if
= p#0,andTv = Av
" S5 Tv=Av
" >5Tv—-AUv=0
s S(T-AMv=0
" v eNul(T-AD
o Therefore
= v isan eigenvector with eigenvalue 4
= 0= v€ENul(T-AH
= = T — Al is not injective
e Theorem
o IfT: R®™ - R" is given by matrix multipication
o Then 4 is an eigenvalue of T if and only if
o det(T—AI) =0
e Proof

o V=R"'orC"
tll e ][ ]
nn

o T—Al =




o Fibonacci Example

N1
r= 1 0
. olet(T—AI)=|1I’1 _1/1|=,12—,1—1i0

¢ Solving for eigenvalue and eigenvector
o ForT: R®" - R" (or C" = C)

o det(T — Al) is called the characteristic polynimal of T

= det(T — AI)
t11 — A t12 tin
- — t21 t22 - A as th
th1 tho oty — A

s = (D)o (D)4 et () ¢y,
= Wherec; = tr(T), ¢, = detT
o By Fundamental Theorem of Algebra
= det(T — AI)
s = (D) (D)4 et (=) ¢y,
" = (D" A -2)A - 12) . (A= 2p)
= A4, 4;, ..., 4, € Cis called the eigentvalue of T
o Given eigenvalues A4, ..., 4,
= We can find eigenvectors Ny, ..., N,, by
* N; € N(T—-211)
= N, e N(T —2A,1)
* N, €EN(T - 2,])
e Theorem
o T:V->V
0 vq,..,V, €V are eigenvectors
o with distinct eigenvalues 44, ..., 4,
o then {v4, ..., v; } is linearly indelendent
e Proof
o By induction on k
o Whenk =1
= Givenvy €V,vy #0,Tvy = 411,
* Then {v,}is independent because v; # 0
o Whenk >1
= Assume Theorem true for k — 1
= Suppose Tvy = A4vq, ..., TV, = AV
* A # Ajforalli # j,andall v; # 0

= Suppose cq1Vq + CVy + -+ v, =0



ApCiv1 + AgCcovy + -+ Apcpvy = 0
/1161171 + /116‘2172 + -+ Alckvk = 0

= (A —Aegvg + -+ (A — Ag—1)Cx—1Vk—1 = 0
Since Theorem is true for k — 1
= {v4, ..., Vx_1 } is linearly independent

( A —A)ec1 =0

%0
= :
(A = Ag—1) k=1 =0
| —
#0
Sc=Cc==cC_1=0

Therefore c v, =0
Since vy, # 0, we find ¢, = 0

= {v4, ..., v} is linearly independet
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Theorem
e Statement
o IfdimV =dimW < oo, then for linearmap T:V - W
o injective & surjective < bijective
e Proof
o By Rank-Nullity Theorem
* dimW = dimV = dim N(T) + dim Range(T)
o IfT is injective
* >dimN(T)=0
* = dim W = dim Range(T)
= = T is surjective
= = T is bijective
o IfT is not injective
* =>dimN(T) >0
* = dim W # dim Range(T)
= = T is not surjective

= = T is not bijective

Left Inverse and Right Inverse
e Ifboth left inverse and right inverse exists
e Then they are the same
e Suppose
o fiV-W
o ghW->V
o gf =idy (i.e. g is the left inverse of T)
o fh=1id, (i.e. histherightinverse of T)
e Then
o g=g(fh)=@fHHh=h
Injective and Null Space
e Proof: T injective = N(T) = {0}
o If Tis injective
o then the only one element mapped to 0 is 0 itself.
o Therefore N(T) = {0}
e Proof: N(T) = {0} = T injective
o IfT(x) = T(y),then
o T(x)=Ty)=Tx—-y)=0



o Sox—y€N(T)
o >x=y

o Therefore T is injective
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Eigenvalues and Eigenvectors
e Definition

xX€EV

AEC’(xth)

o T:V - V linear, for{

o We say x is an eigentvector for T with eigenvalue 1 if Tx = Ax
* Note

o Tx =Ax

o 5Tx—Ax=0
>T—-A)x=0
=>x€N(T-AD

O

o

Find all eigenvalues and eigenvectors
e T=1
o Tx = 1x, Vx€eEV
o Eigenvalue = 1 with eigenvectors of all elements in V
e T=0
o Tx = 0x, Vx eV

o Eigenvalue = 0 with eigenvectors of all elements in V

o T =

1
], (c; # ¢; fori =)
Cn

a1
e} e; = (c;e;
Cn

o Eigenvalue = c; with eigenvector of te;, (t € R,t # 0)

o2
T_[z 1
o det(T—AD=0
J1-1 2
2 1—/1|_0
s -3 A+ =0

g P MR H REEE

= Eigenvector: [E] (teRt+0)

[ dlbl=[ol=x+y=0

= Eigenvector: t [_11] (teRt+0)



-1
'T:[(1) o]
o det(T—A =0
Y |
1 -2
" 1241=0
o A=1i

e [ KE AR

= Eigenvector: t [—i] (teCt+0)

=0

o A=—i

L b=l ==

= Eigenvector: t [l] (teCt=+0)

Multiplicity of Eigenvalues

3
3
4

o Eigenvalues: A =3o0orl =4

o T =

2 A=3
o dimN(T —2AI) =<1 A=4
0 otherwise
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Eigenvalues and Eigenvectors
¢ Definition
o IfT:V - Vislinear and V is a vector space
o Then v € V is an eignevector of T with eigenvalue A if
= %0
s Tv=A4v
e Theorem
o Linear transformation 7: R®™ - R™ (or C"* — C™)

ti1 - tin
o matrix(7) =T = :

th1  tan

o Then A 1is an eigenvalue of T if
o det(T—AI)=0
e Characteristic Polynomial

o det(T — Al) is the called characteristic polynomial of T

t11 -1 t12 tln
o f(QA) =det(T—AI) = tz:1 tzzz— p) = ton
tnl th tnn |

o =MD"+ ()" + -+ (1) + ¢y
e How to Find Eigenvalues

o Solvedet(T—AI) =0

o Getroots 44, ..., 4, (possibly repeated)
e How to Find Eigenvectors

o Solve(T—ADv =0

o ForA=A,1=2;,...,A=1,

o (T — Al)v = 0is n equations with n unknowns

o

Typically v = 0 is the only solution for some A = 4;

O

Then det(T — AI) = 0, and there is a solution v # 0
* Coefficients of Characteristic Polynomial
o By definition
= f) =D+ D et e () F e
o By Fundamental Theorem of Algebra
" fD=a DA =D Ay — )
o Comparing the coefficient of (—1)™, we get
= aqa=1

o Setting A = 0 to both polynomials we get



- Cn = detT = 1112 /11’1
o By Vieta's Formula
u C1211+/12+“'+/1n
" Cy = Z /11/1]
1gi<jsn

o Expand the first row of determinant to find ¢;

ti1 — 4 ti2 tin
- t21 t22 - l T tzn
th1 tn2 o tan — A
-4 t12 tin t11 t12 tin
- — tz.l tzz._l :.. tZ.n + tzl tZZ ._A . tZ.n
th1 tho bty — A th1 =) g — A
. = (_/’{) + tll : . S + b
tho thn — A tho o tan — A
terms with (=A)n-1
t22 - A as th
= =(-1) : + it (D)
tn2 e tan — A

looking for terms with (—A)"—2
= Repeat this procedure, we get
"=ttty e+t
o Note:
s =Mttt Ay =ttt ot g

e Theorem

n

° nzi = detT
i=1
n

o z/‘ll :Ztii
i=1 '

n
i=1
e Trace of Matrix

tir - tin
o Matrix:T =] - :
th1 o tan

o Eigenvalues: 44, ..., 4,
o Characteristic polynomial: f (1)
o The sum of the roots of f(4) is called the trace of T, denoted as tr(T)

n
o tr(T) = z A =
i=1

e Theorem

tij

NgE

=1

o Ifwvy, ..., vy are eigenvectors of T with eigenvalues 14, ..., 4,
o AndifA; # Ajfori #j

o Then {vy, ..., v} is linearly independent



Theorem:
o IfT is an X n matrix and all eigenvalues are different
o Then {vy, ... v,} is a basis for R (or C")
Diagonalization
o T is the linear transformation with eigenvectors vy, ..., v,
o Consider V: R" - R"
X1
. V[ :

Xn

def

= X171 + XUy + -+ XnVUn

" Ve, =00 + -+ 1vp + -+ 0v, = v
o Matrix of V

V11 V12 V1in
= Letvy=| : |,bvu=| ¢ |,,0n=]|*
Un1 Un2 Unn

Vi1 Vin
Vni *° VUnn

o Visinvertible
= Becauseifx = x;e + - + x,e, € N(V)
= ThenVx =xyv; + -+ x,v, =0

* {v4, .., v} is linearly independent

m Sy =xy==x,=0
= = NW) ={0}
A
o LetA= ]
An

* A:R™ - R", Ae® = 2e¥

= Letx = x.eq + -+ xn6,

= VAx
o = V(A(xlel + -4 xnen))
o =V(xAeq + -+ x,Aey)
o =V(dieg + -+ xpdnen)
o =xMVey + -+ x,4,Ve,
O =x v+ + 2,0,

= TVx
o = T(V(x1e1 + 4 xnen))
o =T(v + -+ x,0)
o =xTvy +--+xTv,
O =x v + -+ x40,

= Therefore TV = VA

Multiply V=1 on the left, we have
o VTV =V-IVA=A
* Multiply V1 on the right, we have



o T=TVV 1=vAr-1t
o Application
* Ifyouknew A, V,V™1, then
= TM = (VAV )M = VAV~ - VAV L. VAV~ = yAmy 1
A"

= A™is easy to calculate: A™ =
A



11/22

Wednesday, November 22, 2017

Theorem

e V has abasis vy, ..., v,, and another basis wy, ...

e LetT be alinear transformation V - V
e Define the following matrices

o A := matrix(T, v;)

o B := matrix(T,w;)

o C:=Vie{l,..,n},Clw) =v;
e ThenB = CAC

Question
e Given
o T:R3 5> R3
o f(M)=2-1MD*B-1)
o dim(Null(T —2D) =1
e FindT
2 1 0
* 2 0]
0 x 3
o Ford=2

o T =

o Tv=2v

1
o :UZk[OI

0

» Wn
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Question 1
* Question
o Letf e R
o Find all eigenvalues and eigenvectors of the following matrix

cosfd —sinf

°© A= [sin9 cos 6

e Answer

_ _|cos8 -2 —sinb | _ N2 L2
o |4 All—l <in 8 05 — A (cos@ —1)* +sin“0 =0

0 222 —-Q2cosHA+1=0

o =>A=cosf +isinb

o WhenA; =cosf —isinf
isin@ —sinf][*1] _
[sinH isin@”xz]_o

. . =>ixy =x
sin@x; +isinfx, =0 1= 2

{isin@xl—sin9x2=0
» o =t(1,0), tecC
o When A, =cosf +isinf
—isinf@ —sinf67][¥1] _
sind  —isin 9] [xz] =0

= _ixl =Xy

, J—isinfx; —sinfx; =0
sinf@x; —isinfx, =0

oy =t(1,-0), tecC

Question 2
® Question
o LetVbeavector spaceandletT:V — V be alinear map
o Suppose x € V is an eigenvector for T with eigenvalue A.
o Prove that, for each polynomial,
o the linear map P(T) has eigenvector x with eigenvalue P (1)
* Answer
o LetP(A) = cp A + g AV 1+ -+ A + ¢
(P(M))
o =(cpT"+ g TV 1+ o+ T + o) (x)

O

o =, T™x) + e TV () + -+ + ¢, T (x) + cox
0 = A + g AV Ix + 4 g Ax + cox

0 = (cpA" + g AV o+ A+ c)x

= (P(D))x

o



Question 3
e Given
o LetVbeavector spaceandlet T:V — V be a linear map
o Letc be ascalar.
o Suppose T2 has an eigenvalue c?
e Prove
o T has either c or —c as an eigenvalue
e Proof
o dxeV,#0
o (T?-c*Dx=0
(T+cH[(T—cDx]=0
When (T — cx # 0

o

o

» (T — cl)x is a eigenvector for T with eigenvalue of —c

When (T —c)x =0

o

= x is a eigenvector for T with eigenvalue of ¢

Question 4
e Given
o LetV beavector spaceandletT:V — V be a linear map
o Suppose x,y € V are eigenvectors of T with eigenvalues 4 and p.
e Prove
o Ifax + by (a,b € R) is an eigenvector of T,
o thena=0orb=00rdA=u

e (To be continued)
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Open Balls and Open Sets

e Open Interval

O O
a b

open interval (a, b)
¢ (losed Interval

@ @
a b

closed interval [a, b
¢ Interior Point

o E € R"™isasubset
o p € E isan interior pointif thereisanr > 0
o suchthatB,(p) € E
o where B, (p) is the open disc of radius centered at p
o By(p) ={x eR"llx —pll <7}
M

B(a,r)

The point 2 is an interior point of .
M

w

The point = is a boundary point of 5.



¢ Koch's Snowflake

e Open Sets

o E € R"isopenifall x € E are interior points in E

e Example

XE¢E bvﬂl not yuferior

~~a J

r

S R e T P
' opem / E | € ;
Vo | [t g

e Boundary Point

o Apointp € R" is a boundary point for E if for every r > 0

o B,.(p) contains x,ywithx € Eandy ¢ E




XeE. J&E ’
l
WV o both bouv«‘i“'y point

Limits and Continuity
e Limits

° }Cigcllf(x)=L<= Am JFG) = Lll=0

o Ifx - a,then f(x) > L
e Properties
o Iff(x) »LeR™g(x) > MEeR™ whenx - a, then
o f)tglx)>LtM
o f(x) - gx)>L-M

o [If Gl = IILI]
LW L
9@ M

o (onlywhenn =1, f(x),g(x) € R™)
e Graph

o Graphof f = {(x,y,2)|z = f(x,¥)}
e Continuity

o f:R™ - R™ is continuous at a € R"

o if lim f(x) = f(a)

x-a

¢ Continuous Function Example

O fxq, ., Xn) = Xi

o fiR" >R
e Properties

o If f, g is continuous

o Then f + g,fg,g(g(a) # 0) are continuous

e Example
o f: RZ2 -5 R
xy
o flx,y)={x2+y? (x,y) # (0,0)
0 x=y=0

o f is continuous at all point except (0,0)
o Let (x,y) — (0,0) along a straight line with angle 6
o x=rcosf, y =rsinf

(x.y) xy r?sin 6 cos 6 0 sin g
(@] = — —
foy x?>+y? r?2cos?0 +1r?sinf cos&sm

o Note that f(x,y) does not depend on r



lim x,y) = sin6 cos @
(x,¥)—(0,0) feoy)

along line
with angle 6

1
™
. 9)
o
When 6 = %= f = 0,when = ~ = f =
O = — = —_- — — — e
en > f ,when 2 f >

o Therefore we get the counter plot near origin

. 1 . . . I . . . . . . .
-04 -2 0.0 02 0.4

o And the graph near 0



To

-11.0000

11.0000

-11.0000

11.0000

N |« % |/

-1.08684

1.08684

Derivative

e Directional Derivative

o Duf(x) =Vuf(x) = f'(x;h) = dfy -

_ limf(x+ th) — f(x)

t—0 t

o = [%f(x + tﬁ)]ho

o

e Example

o fiR* >R




o f(x)=Illx|I?
o f'(x;h)

o = if(x+ th)]
dt =0

L llx + thl|?
O = |—
ar 't

t=0

o = %(hzt2 + (2h - x)t + xz)]
] t=0
o =[2h%t+ 2h - x]i=g
o =2x-h

e Partial Derivative

e Total Derivative
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Question 1 (from Monday)
e Given
o LetVbeavector spaceandletT:V — V be alinear map
o Suppose x,y € V are eigenvectors of T with eigenvalues 1 and pu.
* Prove
o Ifax 4+ by (a # 0,b # 0) is an eigenvector of T, then 1 = u
e Proof
o Tx = Ax, Ty = uy
o = T(ax + by) = alx + buy
o Denote the eigenvalue for ax + by to be k
o = T(ax + by) = k(ax + by)
o = alx + buy = akx + bky
o 2a(l—k)x—b(u—k)y=20
o Ifx,y are linearly independet
" al-k)=b(u—k)=0
* Becausea # 0,b # 0
" s> A=u=k
o Ifx,y are linearly dependet
= x = cy for some c

» Tx =cTy = cuy = u(cy) = ux

" S l=pu
Question 2
e Given
o Let A beareal n X n matrix such that 42 = —I
* Note

2
° [_f/a o =1 @=#0
e Proof: A is invertibe
0 A(FA)=-A*>=—-(-D=1
o 24 1=-4
o = Aisinvertibe
e Proof: niseven
o Suppose nis odd
o detA? = (det4)? >0
o det(-I)=-1<0



o Which makes a contradiction

o Therefore n is even
e Proof: A has no real eigenvalues

o Supposedl € R,x € R™,s.t. Ax = Ax

o A%x = —Ix = —x = A%x

o SoA*=—-1=1=i

o Which makes a contradiction

o Therefore A has no real eigenvalues
¢ Proof:detA =1 (whenn = 2)

canfr

o A2 = [a2+bc ab + bd

ac+cd d?+ bc

o Ja*+bc=d*+bc=-1
ab+bd=ac+cd=0

o 2ad—-bc=1
e Proof: detA = 1 (general case)
o (detAd)? =detA? =det(-I)=(-1)" =1
o =>detd==1
o Ax = Ax = Ax = Ax = Ax = 1«
o Therefore the eigenvalues come in complex conjugate pairs
o detd = (A3241)(A222) - (Mg ) = 0
o Therefore det4 =1

Question 3

e Given
o LetT:V = V be a finite-dimensional real linear transformation
o T has no real eigenvalues

e Proof: niseven
o Suppose n is odd
o fA) =-AM+ap A"+ +a;dl+ag
0 AsA - o, f(1) > —o0
0 AsA— —oo,f(A) >
o By the Intermediate Value Theorem
o f(A) must have a real root
© Which makes a contradiction
o Therefore n is even

e Proofin =dimV
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Partial Derivative

¢ Infinitesimal Interpretation of Derivative

YA

y = flx)

¢ Definition

only xj changes

of o G xRy X)) = f (e, )
0 ——(xq, e, xp) = illl_r% A

o = The derivative of f(xy, ... x,) with respect to x;, with all other variables fixed

¢ Other Notations

o a—i;(xl, v Xn) = fo, = (x5 €x)

e Example

o f(x,y,2z) = x* + xy3



e}

e}

of _ 9 ., 3y — 3
——ax(x +xy’)=2x+y

ox
of _9 3 2
@—@(x + xy°) = 3xy

d d
6_]; = (x2 + xy®) = 0 (Because x? + xy3 does not depend on z)

e Second Derivative

92f 9 (of\ @ ,
o fxx—W—a< >—a(2x+Y)—2

o

ax

0*f a (of d 5 5
%f a (of d 5 )
° fyx —m—a(-y) =5, B3xy®) =3y
9’f 9 (of 0 )
° fyy= Fche @(@) —@(395)’ ) = 6xy
e (lairaut's Theorem
of of f rf ,
If a,@, 2x 3y exists and T2y 1S continuous at (a,b) € R
o*f : o’f 9%
o Then 3y ox also exists and xdy -~ dyox
e Example of fy,, # fyx
1 >0
o fxy)= {0 20
o Y 0 x#0
dx Does NotExist x =10

see the graph below (horizontal axis: x, vertical axis: f(x, y))



of
o = = 0forall (x,y)

dy
92 2 (o 0
O—L:——f :——(O):O
dxdy 0x\0dy dx
o 0L (N[ 0 x#0
dyox 0y \0dx Does Not Exist x =10
o*f 9%
o Therefore %; * @E

Total Derivative & Linear Approximation Formula
¢ [llumination
o flx+Ax,y+A4y)—f(x,y)
o =f(x+Ax,y+Ay)—f(x+Ax,y)+ f(x+Ax,y) — f(x,y)
o =[flx+Aax,y) = fGV]+[f(x+Ax,y +Ay) — f(x + Ax,y)]
o S+ —floy) o fatdoy+Ay) - fGc+Any) % Ay

Ax A Ay
af af
~ — X + —
© 0x Ax dy x Ay

e Theorem

o If fy and f,, are continuous, then there exist functions ¢, and ¢,

0 0
o f(x+Ax,y+Ay)=f(xy)+ a—i (x,y)Ax + 55 (x5, ¥)Ay + exAx + g, Ay

o Where ¢, gy = 0asAx,Ay - 0
o Note

. flx+Ax,y +Ay) — f(x +Ax,y) _ 9f
Ay —@(x,y)+sy




- f(x+Ax'y) _f(x'}’) _%(x’y) +€x

Ax B

e Linear Approximation

o

o

o

fxq + Axq, o, X + Axy)

= f(x1, s Xn) F fir, Gty oo, X)) AXg + o0+ fro (Xq, 000, X)) Dy + £14%7 +

Where ¢, — 0 as Axq, ..., Ax, = 0

e Linear Approximation (Vector Notation)

o

o

o

x = (xq,..,xp) ER"
Ax = (Axq, ..., Ax,) € R™

e=(&,..,&) ER"

o f(x+Ax)=f(x) +Vf(x) -Ax + - Ax
o Where
. of of . .
Vf(x) = (Ecz (x), ... ,a—xn (x)) is called the gradient of f
" V)f(x) “Ax = fxl(xlu oy Xp)Axy + oo+ fxn(xlu oy X ) Ay
" g Ax =g Axqy + -+ g, Ax,
e Example
o flx,y) = x* +xy?

o

@)

o

Find the linear approximation at (x,y) = (1,2)
Calculate f(1,2), f(1,2), f,(1,2)

» f(1,2)=124+1-23=9

= (12) = [2x +y°]

= £, (1,2) = [3xy?]

- _ 10
v =,
f(1+Ax,2 + Ay)
* = f(1,2) + f(1,2)Ax + £,(1,2)Ay + e,Ax + £, Ay
* =9+ 10Ax + 124y + g,Ax + g, Ay

approximation error

ot £ Ay,

o f(1.01,1.99) = f(1+0.01,2-0.01) 9+ 10-0.01 —12-0.01 = 8.89

o

Tangent plane at (1,2)






