
                 •

                •

                   •

                             •

Linear Space / Vector Space

     ○

There is a vector  such that for all vector  •

If   and   are both zero vectors, then      ○

Theorem•

 
        

        
      ○

Proof•

Zero Vector

For every vector  , there is a vector  such that•

     •

denoted as   •

Existence of Negative Vector

                                            •

            •

            •

           •

     •

     •

Multiplication with Numbers (Scalers)

                              is a vector space•

                                         ○

                         ○

Addition and multiplication defined as•

Example of a Common Vector Spaces

        •

             •

Example of a Strange Vector Spaces
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               •

       ○

e.g.   
   
   

   
   

   
   

   
  ○

Zero vector: 1○

        •

Given  , find  ○

     ○

   
 

 
  ○

Inverse of Addition•

        ○

      ○

Multiplication with numbers•

                        ○

Proof: Distributive law•

      



A field  is a set together with 2 binary operations•

       ○

               ○

       ○

               ○

               ○

There is a special element  , such that      ○

There is a special element  , such that      ○

                                      ○

                                        ○

                ○

 ,  ( optional) that satisfies the following:•

       ○

   
     
     
     

○

   
     
     
     

○

Example•

         ○

  

 
 
 

 
 
     
     
     
     
     
     

○

  

 
 
 

 
 
     
     
     
     
     
     

○

Example•

Field

A vector space          is a set together with binary operations•

       
       

, such that

Vector Space
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            ○

              ○

                        ○

             ▪

       ▪

       ▪

         ▪

               ▪

               ▪

              ▪

                          ▪

There is a 0 and vector    , such that○

 
       
       

, such that•

      



Assumptions•

Conclusion•

Proof•

What does a proof look like?

                                     ○

                         ○

                               ○

                                                   ○

Assumption•

                   ○

Conclusion•

                                        ○

                                   ○

    ○

Proof: Axiom 1 (            )•

Example 1

                                     ○

                         ○

                               ○

                                                   ○

Assumption•

V is not a vector Space○

Conclusion•

Proof:             •

Example 2

                              •

                               •

                          •

Axiom 5

                       

Assumption •

Example 3
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                           ○

V is a vector space○

Conclusion •

                   ○

                                  ○

                             ○

Proof: Axiom 3（              ）•

      



Check 10 axioms•

Check that it's a nonempty subset of a vector space and closed under addition 
and scalar multiplication

•

(By Theorem 1.4, this is enough)•

How to Check Vector Space
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V: vector space ○

S: a subset of V (   )○

If for every      , we have      ○

And if for every        , we have     ○

Then  is also a vector space○

Theorem•

It has been shown that ○

                              ○

is a vector space○

Given•

Is                        a vector space?○

           ▪

            ▪

    , so we only need to verify the closure axioms○

Example•

If  is a vector space and    is also a vector space,○

then  is called a linear subspace of  ○

Linear subspace•

                                               ○

              is a vector space○

Function space example 1•

                                          ○

                             ○

Function space example 2•

Subspace

 is a vector space▪

            ▪

            ▪

Given○

Linear Combination•

Span of Vector Spaces
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then                 is called ○

a linear combination of           ○

If  is a vector space and    is a subspace of  ○

then the span of  is the set of all linear combinition of vectors in  ○

                          
            
            

     ○

Span•

    ○

             
    

    ○

          ○

Example•

  {all real-valued functions with domain        }○

                ○

               
     

     
 

▪

where                 ▪

                                       ○

                                                          ○

Example•

  {all real-valued functions with domain {0,1}}○

                ○

           ○

Change of Domain•

Does                       with domain        ○

             
     

     
              ▪

Let         ▪

No, suppose                      , then○

                
      

 
▪

Let         ▪

Differentiate both side, we get○

                    
 

▪

Let         ▪

Differentiate both side, we get○

              ▪

Similarly○

Question•

Span of Function spaces

      



              ▪

                    ▪

                     ○

Therefore   is not in                   ○

If V is a vector space,          ○

                ▪

                                                         ○

            ▪

We have○

               ▪

i.e. The only linear combination of          that adds up to 0 is ○

Definition•

                          ○

          is linear dependent ,because             ○

Example 1•

     is linear dependent, because      ○

Example 2•

Linear Dependence

      



Let  be a vector space      be subsets•

Prove or disprove:•

     ○

     ▪

     ▪

   ▪

                ○

    
▪

                     ▪

               ▪

                ○

                             •

True○

                             •

True○

                   •

False○

    
▪

                           ▪

           ▪

Counterexample○

                   •

Question 1

For which functions      is                        •

                           •

Question 2
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If          then          is linearly independent •

if for every          it follows from •

             that          •

Linear Independence

          are linearly independet▪

Every    is a linear combination of          ▪

         is a basis for  if○

i.e.                for certain        ○

Definition•

If          is a basis for V ○

and          is also a basis for V○

Then    ○

Theorem•

                          have no basis○

If  have no basis then  is called infinite dimensional○

Example of no basis•

 is a basis for      ○

Example of basis  •

If          is a basis for V○

Then  is the dimension of  ○

Dimension•

         
 
 
      

 
 
 ○

                         
▪

Conclusion○

Suppose        with            ▪

Then            
  

  
   

 
 
 ▪

Hence        ▪

Proof:        is independent○

        
  

  
   

Proof:        spans     ○

Example 1•

Basis
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▪

We can find      such that            ▪

 
  

  
     

 
 
     

 
 
   

  

  
 ▪

Choose  
     

     
,▪

Therefore the basis spans   
▪

         
 
 
      

 
 
 ○

                         
▪

Conclusion○

Trivial▪

Proof:        is independent○

Given    
  

  
    

▪

 
  

  
     

 
 
     

 
 
   

      

     
 ▪

Choose  
        

          
▪

Therefore the basis spans   
▪

Proof:        spans     ○

Example 2•

If           are linearly independent and if▪

                       ▪

for certain                ▪

then                     ▪

Statement○

                       ▪

                       ▪

          are linearly independent▪

                  ▪

               ▪

Proof○

Theorem•

If           is a basis for vector space V○

Then for every    , there is a unique choice of ○

            with              

Theorem•

Coordinates / Components 

      



            with              ○

       are called the coordinates or components of  ○

                      ○

                              ○

         ▪

          ▪

            ▪

            ▪

Given○

No, because▪

 

 
     

 

 
             ▪

Are f, g, h, k linear independent?○

Example•

      



Why is             •

                          •

Question 1

The basis of                      ?•

               
        •

                •

            •

       •

                
        •

Therefore the basis of V is              •

Question 2
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Theorem 1.5

Theorem 1.6
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If        and          are bases for  , then    ○

Statement•

Suppose    ○

                        ○

               are linearly dependent by previous therom○

                    are also linearly dependent○

But          is linearly independet, because it a basis for  ○

So    is not true○

Similarly the assumption    also leads to contradiction○

Therefore    ○

Proof•

            
▪

         ▪

          
▪

        ▪

Given○

There exist              ▪

such that                              ▪

And at least one of            is not 0▪

V                               has basis         ▪

                    ▪

          are linearly dependent▪

Claim○

Example•

Theorem 1.6

If  is a  -dimensional vector space○

And          are linearly independence with    ○

Then there exist            ○

Such that          is a basis for V○

Statement•

span           by the previous theorem○

Choose       such that                 ○

Then               is also linearly independent○

If      , then               is a basis for  ○

Outline of proof•

Theorem 

      



Or      , then repeat the previous steps○

      



     

 
 

 
     

    
          
          

              
 

 
•

Span

                         ○

Statement•

Let          ○

Then           ○

              ○

  is closed under addition and scalar multiplication ○

Therefore  is a subspace of  ○

Proof:                          •

If    and  is a subspace, then       ○

Setting    , we have       ○

We also know that       ○

         by definition of set equality○

Proof:                         •

Theorem

Example of                             •

Question 1

    ○
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                   ○

               ○

            ○

                           •

When is              a subspace?•

           is a subspace                            •

Question 2

      



An inner product on a real vector space  ○

is a real-valued function      with      ○

                             ▪

                            ▪

                  ▪

            ▪

           ▪

for which:○

Definition (on real vector space)•

An inner product on a real vector space  ○

is a real-valued function      with      ○

                             ▪

                            ▪

                         ▪

            ▪

           ▪

for which:○

Note:                               ○

Definition (on complex vector space)•

Let     ○

                      ▪

The following is an inner product for  ○

      ▪

                          ▪

                          ▪

                    ▪

       ▪

Proof:              ○

Example in   •

Let     ○

Example in   •

Inner Product
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                               ▪

The following is an inner product for  ○

                   ▪

             ▪

                  
▪

       ▪

           ▪

Proof○

        ○

               ▪

Whether the following is an inner product for  ○

                   ▪

             ▪

                  
▪

       ▪

           ▪

We need to check○

Counterexample in   •

        ○

          ▪

Whether the following is an inner product for  ○

                   ▪

             ▪

                  
▪

       ▪

           ▪

We need to check○

Counterexample in   •

        ○

                         ▪

The following is an inner product for  ○

Example in   •

                                             ○

          
 

 

          

The following is an inner product for  ○

Example in function space•

      



                 
 

 

          ▪

                   ▪

              ▪

           ▪

       ▪

           ▪

We need to check○

      
      

    is called the length of x○

Note:           ○

Definition•

                          ○

Proof on page 16○

Cauchy Schwarz Inequality•

Length of Vector

                  ○

Then the angle between    is  where○

     
     

       
        ○

Definition•

Cauchy Schwarz Inequality implies ○

   
     

       
          ○

Note•

                                                     ○

       ○

Orthogonal•

                   ▪

                 
 

 

▪

     ○

        
 

 

             
 

     
 

 

       
 

  

Find the angle  between                  ○

Example•

Angle

      



                
 

 

             
 

       
 

 

       
 

  ▪

                
 

 

             
 

       
 

 

       
 

 
  
   

 
   ▪

                 
 

 

     
 

 

 
 

 
  ▪

     
     

       
         

  
   

 
   ▪

   
 

 
  ▪

      



Let        be subspace○

     is a subspace                ○

Statement•

Obvious○

Proof:                     is a subspace•

                 ▪

                 ▪

Suppose○

        ▪

Then○

          ▪

Indeed, if○

          ▪

Contradiction▪

Then○

        ▪

Likewise○

           ▪

Therefore○

Proof:      is a subspace                •

Theorem

Let  be a vector space,      is an inner product on V•

       ○

                        ○

Prove•

        ○

                ○

                        ○

             ○

           ○

Proof:                    •

Proof:              •

Question 1
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           ○

                        ○

In order for the inequality to be true for all  ○

       ○

Proof:                    •

Let  be a finite-dimensional vector space•

     is an inner product on V•

Let    be a subspace•

Define                      •

                ○

               ○

Prove that•

Question 2

      



Distance between two vectors    is defined as○

                              
            

 
○

Definition•

    
▪

               ▪

Given○

             ▪

      ▪

           
            

 
▪

         
 
        

 
                    

 
▪

Distance between two vectors is ○

Example 1•

                                     ▪

                 
 

 

▪

Given○

             ▪

      ▪

           
            

 
▪

             
 
  

 

 

▪

Distance between two functions is○

Also known as "root mean square distance"○

Example 2•

Distance

             ○

Statement•

               ○

Proof•

Triangle Inequality (Version 1)
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                        ○

                   ○

                  ○

           ○

Therefore              ○

                                         ○

Statement•

               ○

            ○

                 ○

                                         ○

Proof•

Triangle Inequality (Version 2)

         are orthogonal if               ○

Definition•

If          are orthogonal ○

and     for all            ○

then          is linearly independent○

Theorem•

             ▪

Suppose ○

            ▪

Then we have to show○

                       ▪

               , then○

Proof•

Orthogonal

      



                                   ▪

                       ▪

           ▪

Because               , we have○

         ▪

   
 

       
         ▪

Because     ○

            ▪

Therefore○

If              ○

and          are non zero and orthogonal○

        
      

       
       ○

Theorem•

      ○

                 ○

                                  ○

                      ○

          ○

    
      

       
       ○

Proof•

If  has a basis          ○

then there is an orthogonal basis          ○

The process to find the orthogonal basis is called○

Gramm-Schmidt Process○

Introduction•

     ○

      
       

       
         ○

      
       

       
          

       

       
          ○

 ○

Process•

Gramm-Schmidt Process

      



       
       

       
         

   

   

○

Assume we've already shown                  ○

       ○

         
       

       
                

       

       
               ○

                ○

  ○

Proof:          •

    
▪

               ▪

Given○

       
 
 
 ▪

      
       

       
           

    
   

 ▪

  
 
 
   

    

   
  ▪

Find the orthogonal basis for     
 
 
      

 
 
 ○

Example 1•

                                     ▪

                 
 

 

▪

Given○

             ▪

            
       

       
               

 

 
  ▪

     
 

 
   ▪

Find the orthogonal basis for                ○

Example 2•

      


