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TOTAL POINTS

88/90

QUESTION 1

1Problem 1: Expected number of visits 15/
15
v - 0 pts Correct
- 2 pts Minor mistake in computing $$\rho_{2,3)$$
- 2 pts Minor mistake in computing $$\rho_{3,3}$$
- 1 pts Minor mistake in formula for $$E_2[N(3)]$$
- 3 pts Mistake in formula for $$E_3[N(3)]$$
- 4 pts Claim that 4 is transient
- 4 pts No work submitted for (c)

QUESTION 2
2 Problem 2: Success run chain 25/25

- 2 pts (a) Mistake in series summation to show O is
recurrent

- 1 pts (a) Forgot to justify recurrence for all other
states

- 2 pts (b) Incorrect recurrence for stationary
measure

- 2 pts (b) Series summation is incorrect

- 1 pts (b) Wrong name for the distribution

- 2 pts (c) Incorrect recurrence for stationary
measure

- 2 pts (c) Series summation is incorrect for
stationary measure

- 1 pts (c) Mistake in computation of $$E_O[T_0]$$

- 4 pts (d) Did not acknowledge the stationary
distribution in any way

- 2 pts (d) Mistake in how stationary distribution is
applied

- 4 pts (e) Came to the wrong conclusion
v - 0 pts Correct

- 25 pts No work submitted

QUESTION 3

3 Problem 3: Reflected random walk 15 /15
- 4 pts (a) Serious error in recursion of the invariant
measure
- 2 pts (a) Minor error in recursion of the invariant
measure
- 3 pts (a) Series summation has serious error
- 2 pts (b) Wrong conclusion for $$\alpha < 1/2$$
- 2 pts (b) Wrong conclusion for $$\alpha > 1/2$$
- 1 pts (b) Wrong conclusion for $$\alpha = 1/2$$
v - 0 pts All parts correct

QUESTION 4
4 Problem 4: Symmetric simple random

walk 8/10
- 0 pts Correct
v - 2 pts Correct that the only stationary measures
are constant, but you must prove these are the only
ones.

- 4 pts Did not get the correct answer.

QUESTION 5
5 Problem 5: Durrett 1.13 15/ 15
v - 0 pts Correct
- 3 pts (a) Some mistakes in finding $$p”2$$
- 2 pts (b) Some mistake in the stationary
distribution of $$p$$
- 2 pts (b) Some mistake in the stationary
distribution of $$p”2$$
- 1 pts (c) Missed one of the limits or had a wrong
answer with one of the limits
- 2 pts (¢) No work submitted or wrong answers with
both limits

QUESTION 6
6 Problem 6: Durrett 1.32 10/10
v - 0 pts Correct



- 4 pts Did not recognize the limit is the stationary
distribution

- 4 pts Did not find correct stationary distribution
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HW3 - Problem & Answer

Friday, September 28, 2018 4:47 PM

Math 632 Lecture 4, Fall 2018, Homework 3

Due Friday October 5 by 2 PM.

There are 6 problems altogether in this homework set. 4 are stated below and 2 problems
from Durrett’s textbook. Please check the homework instructions on the course homepage. In
particular:

e Credit comes from your reasoning, not your numerical answer.

e Observe rules of academic integrity. You are encouraged to discuss the problems with
fellow students, but copied work is not acceptable and will result in zero credit.

e You may find solutions to some exercises on the web. However, the point of the homework
is to give you the problem solving practice you need in the exams. Hence it is not smart
to take shortcuts to secure the few points that come from homework.

Question 1

1. Consider the discrete time Markov chain with the state space S = {1,2,3,4,5} and the
transition matrix:

0 0 1 0 0
02 0 04 02 0.2
03 01 0 02 04

0O 0 0 05 05

0O 0 0 05 05

Let N(y) be the total number of visits to the state y for all time, excluding a possible visit
at time zero. In symbols,

N(y) = Z 1ix,=y}-

n=1
(a) Calculate E3[N(3)].
(b) Calculate E5[N(3)].
(¢) Calculate E4[N(4)].

¢ BN =10

_ 1-p(2,5) - p(2,4)
~ p(34) + (3,5 +p(3,2)(p(2,5) + p(24))
1-0.2-0.2
T02+04+0.1x(02+02)
P33 1
1—ps3; 11— P33

= 0.9375

. EyING3)] = -1
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1
T02+04+01x(02+02)

1=0.5625

e By the graph above, state 4 is recurrent, so E4[N(4)] = +o

Question 2

2.

Success run chain. Imagine a never ending succession of free throws with a basketball.
Each throw is independently either a basket with probability a or a miss with probability
1—a. Assume 0 < o« < 1. After the nth throw, let X,, be the number of consecutive baskets
since the last miss, in other words the length of the current success run. X, is called the
success run chain. For example, if throw 7 is a miss, throws 8, 9, and 10 are baskets, and
throw 11 again a miss, then X7 =0, Xg =1, X9 = 2, X9 = 3, and X;; = 0. Thus every
basket increases X,, by 1, and every miss sends X,, back to 0. X,, is a Markov chain with
state space Z>o = {0,1,2,3,... }.

(a) Draw the transition graph of the success run chain and give its transition probability.
Classify states according to recurrence/transience. (Note that the state space is infinite

so recurrence/transience is not a trivial matter.)

co

o Py(Tp=o0) = np(n,n +1) = na = 0,s0 0 is recurrent
n=0

n=0

e Forn>1,p"(0,n) =a™ > 0 (ie. 0 = n),sonis also recurrnet

e Therefore all states is recurrent

(b) Find the invariant distribution or determine that one does not exist. If you propose
an invariant distribution, check that the probabilities add up to 1. Is it a familiar
probability distribution with a name?

e Letu be an invariant measure

u(k) = Z up, k) = pulk — Dpk — 1,k) = u(k — Da = u(0)a*, fork > 1
=0
k
Define (k) := wk) __ pOa” (1-a)ak

T I u) T p0) T, ak

co

Z mk)=(1—-a) Z ak = 1,so n(k) is an invariant distribution
k=0

k=0

7 is a geometric distribution with parameter a
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1Problem 1: Expected number of visits 15/ 15
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(¢) Change the model slightly. Let 0 < 3 < 1 be another parameter and suppose that

immediately after a miss, the next throw succeeds with probability 8. But as before,
after a successful free throw, the next shot succeeds with probability a. Find again
the invariant distribution 7. Find also all the probabilities Py(Ty = k) for positive
integers k. Using these probabilities compute the expectation Ey[Tp]. Check that your
answers satisfy the identity 1/7(0) = Ey[Tp] as the theory states.
Hint. You may need to evaluate a series of the type Y ;- kz*=1 for |z| < 1. There are
several ways to do this. One goes by Y77, kzk-1 = Y rey Z},' 1 lk_l and switches the
order of summation. Another observes that Y 7 | ka*=1 =327 d. =4 (Zk 2 =)
evaluates the series and then differentiates.

e Letu be an invariant measure

= ulk) = Z uOp( k) = uk — Dp(k - 1,k)
=0

* Fork =1,u(1) =u(0)p
» Fork >2,u(k) = u(k — Da = u(0)ak=1p
= Therefore u(k) = u(0)a*=1p,fork > 1

e Normalize u

Zﬂ(k) = u(0) +u(0)ﬁz k=1 = p(0) (1 +L) (0 )(LZ[))

u(k) n(0)ak1p a1 — a)
» Fork > 1,n(k) = = =
il k + 1-—
Dieeo (k) ﬂ(0)< aaﬁ) a+p
u(0) u(0) 1—a

P Rork = 0O =Sk ® T (5% B) s

o Eo[To] = Z kPo(To = k)

k=2

=1-8+ ) kBa*?(1-a)

= 1—B+(1—a)ﬁ2kak‘2
k=2
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a
k=2 k=2

=1-+1—-a)p diiak‘z+iak‘z

d 1 1
=1—ﬁ+(1—a)ﬁ<£ 1—a)+1—a>

| 1
=1—B+(1—a)ﬁ<(1_a)2+1_a)
2—-a 1-a+f 1
1-a) 1-a  7(0)

=1-B+8

(d) Imagine that the chain of part (c¢) has been running for a very long time. What is the
probability that the next two shots succeed?
Hint. For a sanity check of your answer, see that if 5 = a your answer is consistent
with the initial description of the free throws.

o ) (ke + Dp(k + 1k +2)

k=0

[00]
o =mOPODPALD) + Y 7(Iplkk+ Dpl + 1k +2)
1-a a*p(1l—«a 1-a a’f(l—a
L pas pU-® , _ pa CEA=DON
l1—a+p £ l1—a+p 1—a+p l—a+p =
_1l-a +a2,8(1—a) 1  af—-a’f+a’f  af
T1-a+8 T 1—a+8 1-a 1-a+B8 1-a+8
(e) Now suppose that we have parameters ag, oy, o, ..., all strictly between 0 and 1, and

we specify that, after k consecutive successes, the next shot succeeds with probability
ay. That is, now the transition probabilities are p(k,k + 1) = ay, p(k,0) =1 — ay. Is
it possible to choose the numbers ay, € (0, 1) so that the MC is transient?

1 = = 1 o1

o Leta; =exp (— ?>,thennai = Hexp (— §> = exp —Z? = exp(—2)

i=0 i=0 i=0
o Forn=0,Py(Ty = ) > np(i,i +1)= nai = exp(—2) > 0, so state 0 is transient

i=0 i=0

IPn(TO=00)=1_[' a; >0
i=n Pno <1 2 i
o Forn=>1, n = { n = state n is transient
0=n

p™(0,n) = ﬂai >0

i=0
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2 Problem 2: Success run chain 25/ 25
- 2 pts (a) Mistake in series summation to show O is recurrent
- 1 pts (a) Forgot to justify recurrence for all other states
- 2 pts (b) Incorrect recurrence for stationary measure
- 2 pts (b) Series summation is incorrect
- 1 pts (b) Wrong name for the distribution
- 2 pts (c) Incorrect recurrence for stationary measure
- 2 pts (c) Series summation is incorrect for stationary measure
- 1 pts (c) Mistake in computation of $$E_O[T_0]$$
- 4 pts (d) Did not acknowledge the stationary distribution in any way
- 2 pts (d) Mistake in how stationary distribution is applied
- 4 pts (e) Came to the wrong conclusion
v - 0 pts Correct
- 25 pts No work submitted
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Question 3

3. Reflected random walk. Fix a parameter 0 < a < 1. Consider the Markov chain with
state space Z>o = {0,1,2,3,... } and transition probability

p(0,0) =1—a, plz,z+1)=aforz >0, andp(z,z—1)=1—aforz>1.

(a) Specify for which values of « there exists an invariant distribution. Find the invariant
distribution for those values of a for which it exists.

o\ xR X R
-t (3 { | 2 -
ot I~ - 1-a

e Letu be an invariant measure

= Fork =0,u(0) = Zu(l)p(l, 0) = p(0)p(0,0) + u(Hp(1,0) = (1 — A)(1(0) + u(D))
=0

= Fork>1,u(k) = Z uDp(, k)
=0

utk —Dptk —1,k) +ulk + Dp(k + 1, k)
a-uk-1D+A—-a) utk+1)

a

@ 2
= Setu(0) =1,thenu(l) = m,,u(Z) = (m) AR

a k
. TherefOFE,M(k) = (1 _ a)

e Normalized u

i k i( ¢ )k ! a1 ro<|2 |<1 0<a<05

L] = = = —_— = I

uik) 1-a 1--2 2a—1"°" ‘1—a *
k=0 k=0 T—a

. (k) = u(k) _2a—1<a

k
=y (k) = -1 \1 a) is a invariant distribution given a € (0,0.5)
k=0 - -

(b) For which values of a is the MC recurrent and for which values transient? Here you
probably cannot give a rigorous proof, but you should be able to give an intuitively
plausible argument. Note that when you are away from the origin, the reflected random
walk behaves just like ordinary random walk.

e For0 < a < 0.5,the MC s recurrent
* The chain is moving towards left, so state 0 is recurrent
* Furthermore, 0 = n,Vn > 1, so the entire chain is recurrent
e For 0.5 < a < 1,the MC is transient
= All states are moving rightward to infity, so it's impossible to comeback

= Therefore the chain is transient
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3 Problem 3: Reflected random walk 15 /15
- 4 pts (a) Serious error in recursion of the invariant measure
- 2 pts (a) Minor error in recursion of the invariant measure
- 3 pts (a) Series summation has serious error
- 2 pts (b) Wrong conclusion for $$\alpha < 1/2$$
- 2 pts (b) Wrong conclusion for $$\alpha > 1/2$$
- 1 pts (b) Wrong conclusion for $$\alpha = 1/2$$
v - 0 pts All parts correct
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Question 4

4. Symmetric simple random walk. Consider the Markov chain with state space S = 7Z =
{...,=2,-1,0,1,2,...}. The transition probabilities for this chain are

o . 1
p,j—-1)=5, p(i+1)= 5

b =

for all 7 € S. Find all the stationary measures and stationary distributions for this Markov
chain.

Let u be an invariant measure

plk—1) +p(k + 1)

uk) = Z uOp( k) = puk — Dp(k = 1,k) + ulk + Dp(k + 1,k) =

2
l=—o00
¢ Solving the recurrence, we have u(k) = ¢, where ¢ € R are constants
¢ Stationary distribution does not exist, since Z u(k) =+
k=1
Question 5 (Durrett 1.13)
1.13. Consider the Markov chain with transition matrix:
1 2 3 4
1 0 0 01 09
2 0 0 06 04
3 08 02 0 0
4 04 06 O 0
(a) Compute p?. (b) Find the stationary distributions of p and all of the
stationary distributions of p?. (c) Find the limit of p?*(z,z) as n — oo.
044 056 0 O
. P2 064 036 0 0
0 0 02 08
. 0 0 04 06
o letnP =nm
x:1'T0 0 0.1 09 %17 0.8x3 + 0.4x, = x; 4/151"
X2 0 0 06 04]_|*x 0.2x3 + 0.6x, = x, _17/30
°lxs| 08 02 0 o |x| TV01x +06x, =% | 1/6
_x4-_ ‘04‘ 06 0 0 X4 0.9x1 + 0.4-x2 = Xa 1/3
o LetnP?=nm
%117 [0.44 056 0 0 x11" (0.44%; + 0.64x; = x; 7
o |*2| (064 036 0 O [_[*2| _ 0.56x; + 0.36x, = x5 S ]%=gn
X3 0 0 0.2 0.8 X3 0.2x3 + 0.4'x4, = X3 %y =2
[X4] L O 0 04 06 X4 0.8x3 + 0.6x4 = x4 % 3
e} $n=[8(1_6) 7(1—6) lc EC ,fOI'CE[O,l]
15 15 3" 3

e For P?, {1,2}is an irreducible closed set

15 15|  n-o 15’ n 15

e For P?,{3,4}is an irreducible closed set

7 8 7
O Tz = 8 —] = lim p?*(1,1) = — lim p2(2,2) = —
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4 Problem 4: Symmetric simple random walk 8/10
- 0 pts Correct
v - 2 pts Correct that the only stationary measures are constant, but you must prove these are the only ones.

- 4 pts Did not get the correct answer.
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. 2 2|5 tim p23,3) = & lim p2r(a) = 2
n{3‘4}— § § nl_l}olop ) —-3;n1_fr.}op ) _'3

Question 6 (Durrett 1.32)

1.32. The weather in a certain town is classified as rainy, cloudy, or sunny and
changes according to the following transition probability is

R C S
R 1/2 1/4 1/4
C 1/4 1/2 1/4
S 1/2 1/2 0

In the long run what proportion of days in this town are rainy? cloudy? sunny?

0 25 0.25 0.5x; + 0.25x, + 0.5x3 = x4
nIP =m_ () 25 0. 25 0.25x; + 0.5x, + 0.5x3 =x;,
Zn =17 0.25x1 + 0.25x, = X3

x1+x2+x3—1 x1+x2+x3=

¢ S0 40% of days are rainy, 40% of days are cloudy, 20% of days are sunny
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5 Problem 5: Durrett 1.13 15/ 15
v - 0 pts Correct
- 3 pts (a) Some mistakes in finding $$p"2%$$
- 2 pts (b) Some mistake in the stationary distribution of $$p$$
- 2 pts (b) Some mistake in the stationary distribution of $$p~2$$
- 1 pts (c) Missed one of the limits or had a wrong answer with one of the limits

- 2 pts (c) No work submitted or wrong answers with both limits
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6 Problem 6: Durrett 1.32 10/10
v - 0 pts Correct
- 4 pts Did not recognize the limit is the stationary distribution

- 4 pts Did not find correct stationary distribution
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