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HW6 - Problem & Solution

Saturday, November 3, 2018 8:10 AM

Math 632 Lecture 4, Fall 2018, Homework 6
Due Tuesday November 13 by 10:05am

Question 1

Let {N(t) : t > 0} be a rate A Poisson process, {T}},r>1 the arrival times of the process,
To =0, and 7 = Ty — Ty for k > 1 the interarrival times. Calculate the probabilities
below. When unspecified nonnegative integers j and/or k appear in the question, your
answer should cover all possible cases. When units are used, suppose the time unit is
second.

(a) P(N(2) =j,N(5) = k).
(b)

P(after the 3rd arrival there are no arrivals for 20 seconds,

but after that the next two arrivals come within 10 seconds).
(c) P(N(B3) =k[T2 <3).
(d) P(N(2) =k|T5 > 4).

(e) P(T; < 3|N(4) = 5). Explain how your answer can be expressed in terms of a
certain binomial probability mass function.

Part (a)
e« P(N(2)=j,N(5)=k)=P(N(0,2] =j,N(2,5] =k —j) =P(N(0,2] = j)P(N(2,5] = k —J)
;@) o3 Bk _ -5h B (22)
j! jt(k —j)!

]

e Fork>j>=0,P(N2)=j,NG5)=k)= (e

¢ Otherwise, ]P(N(Z) =j,N(5) = k) =0
Part (b)
e P(N(t,t+20]=0,N(t+20,t+ 30] = 2), where t is the third arrival time
= (P(N(0,20] = 0))(1 — P(N(20,30] = 0) — P(N(20,30] = 1))

., (202)° . (102)° . o@ao?t
=(e 201 o >(1—e 101 o8 101 o )

= e—20/1(1 _ e—10/1 —102 - e—lO)l)
Part (c)

P(N(3) = k,N(3) = 2)
P(N3) = 2)

¢« P(NB)=k|T,<3)=PWNQB)=kIN(3)=>2)=

e Fork <2,P(N3)=k|T,<3)=0
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P(N(3) = k) e (3,;1;)

e Otherwise, P(N(3) = k|N(3) = 2) = T-PING) =D -P(NB) =0) 1—e 31— e313]

Part (d)
 Fork =3,P(N(2) = k|T; > 4) = 0. Assume otherwise.
e P(N(2) =k|T;>4) =P(N(2) = kIN(4) < 3)
_P(N(2) = k,N(4) <3)
- P(N(4) < 3)
_P(NQ2) = kP(N(2,4] <2 —k)
- P(N(4) < 2)

P(N(2) = k) <

IP(N(4) D+P(NA) =1)+P(N@#) =0) ; P(N(2,4] = i)

_2/1 (2/1)]( 2—-k

_ kU Z " (22)!
e‘“@ + e 4+ e % ¢

(m)" ZZ (22)!

8/12+4/1+1
1 42* 21
* Fork=2P(N@) =kTs>4) =gy T =g s i+ 1
42% + 22
* Fork=1,P(N2) =k|Ts >4) = gogrea 20 (14 20) = o
) QA3 222+22+1
. Fork=0,1P’(N(2)=k|T3>4)=m'1'<1+2“ 21 >=8/12+4/1+1
(222 +2A+1
8A2+44+1
42% + 22
e Therefore P(N(2) =k|Ts >4) =812+ 41+ 1 k=1
222 B
8A2+44+1
\ 0 k=3

Part (e)

P(N(3) =2,N(4) =5)
P(N(4) =5)

s -3 B 3 AT

5 ] . 5 i 5—i
C NPINB) =i NBAI=5-1) ¢ T ¢ G- 3\' /1
a Z P(N(4) = 5) - Z RYCHE Z (z) (Z) <Z>

=2 =2 T =2

e P(T,<3|N(4)=5)=P(N(3)=2IN(4)=5) =

e Let X~Bin(5,3/4), then P(T, < 3|N(4) = 5) = pr(i)

i=2

Question 2
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